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Abstract. We develop a machinery of Chen iterated integrals for higher 
Hochschild complexes which are complexes whose differentials are modeled by 
an arbitrary simplicial set much in the same way that the ordinary Hochschild 
differential is modeled by the circle. We use these to give algebraic models for 
general mapping spaces and define and study the surface product operation on 
the homology of mapping spaces of surfaces of all genera into a manifold, which 
is an analogue of the loop product in string topology. As an application we 
show that this product is homotopy invariant. We prove Hochschild-Kostant- 
Rosenberg type theorems and use them to give explicit formulae for the surface 
product of odd spheres and Lie groups. 



Contents 

1. Introduction 1 

2. Chen's iterated integrals for Hochschild complexes over simplicial sets 6 

2.1. Higher Hochschild chain complex over simplicial sets 6 

2.2. Definition of Chen's iterated integrals 8 

2.3. Examples: the circle, the sphere and the torus 

2.4. The cup product for the mapping space Map{Y, M) 

2.5. Chen's iterated integrals as a quasi-isomorphism 

3. String topology product for surfaces mapping spaces 

3.1. A Hochschild model for the surface of genus g 

3.2. The "string topology" product for surfaces 

3.3. Surface Hochschild cup product 

3.4. Topological identification of the cup product 

3.5. Proof of Theorem EXll 

4. Surface Hochschild (co)homology of symmetric algebras 

4.1. Reduction to Hochschild complexes over a square and a wedge of 

circles 

4.2. HKR type Theorem for wedges of circles 

4.3. HKR type Theorem for surfaces 

4.4. The surface product for Lie groups 
References 



1. Introduction 

An element of the Hochschild chain complex Ci/, (A, A) of an associative alge- 
bra A is, by definition, given by elements in a multiple tensor product A® ■ ■ ■ ® A, 
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whose tensor factors all consist of the algebra A. When defining the differential 
D : CH,{A, A) CH,-i{A, A), it is however instructive to picture this linear se- 
quence of tensor products as placed in a circular configuration, since the differential 
multiplies any two adjacent tensor factors, with its last term multiplying the last 
factor of the sequence to the first factor. 



± 



multiply ai to ai+i ■ -' 
■ ■ ' for all 4=0...., n, Qn ' ^1 

On ® "Xl On ® 

""J with a„ + i = Qo 



As it turns out this is not just a mnemonic device but rather an explanation of 
the fundamental connection between the Hochschild chain complex and the circle, 
which, for instance gives rise to the cyclic structure of the Hochschild chain com- 
plex and thus to cyclic homology, see |L]. This connection is also at the heart of 
the relationship between the Hochschild complex of the differential forms fl'M on 
a manifold M, and the differential forms il'{LM) on the free loop space LM of 
M, which is the space of smooth maps from the circle to the manifold M; see 
[GJPj . At the core of this connection is the fact that the Hochschild complex is the 
underlying complex of a simplicial module whose simplicial structure is modelled 
on a particular simplicial model Si of the circle. The principle behind this can be 
fruitfully used to construct new complexes whose module structure and differen- 
tial are combinatorially governed by a given simplicial set A",, much in the same 
way that the ordinary Hochschild complex is governed by Sl; see jP]. However 
carrying the construction to higher dimensional simplicial sets turns out to require 
(associative and) commutative algebras. The result of these constructions define 
for any (differential graded) commutative algebra A, any A-module N, and any 
pointed simplicial set A,, the (higher) Hochschild chain complex CH^' {A, N) of 
A and N over A, as well as the Hochschild cochain complex CH^ {A, N) over A,; 
see [EIIG]. These Hochschild (co)chain complexes are functorial in all three of their 
variables A, N and A,. 

The analogy with the usual Hochschild complex and its connection to the free 
loop space is in fact complete, since the Hochschild complex CH^'{^'M^Vl'M) 
over a simplicial set A, provides an algebraic model of the differential forms on the 
mapping space M-^ = {/ : A ^ M}, where A = |A, | is the geometric realisation 
of A,. This is one of the main result of Section 2 of this paper; see Section [2751 The 
main tool to prove this result is a machinery of iterated integrals that we develop, 
which in turn enables us to work with the associative and commutative algebra 
of differential forms yielding a quasi-isomorphicm It-^' : CH^{Vl'M,Vl'M) 
^1*{AI^), for any /c-dimensional simplicial set A, and A:-connected manifold M; 
see Proposition 12 . 5 . 3l and Corollary 12 . 5.51 for the dual statement. Further, for any 
simplicial set A, and (differential graded) commutative algebra A, the Hochschild 
chain complex CH^' {A, A) has a natural structure differential graded commutative 
algebra given by the shuffle product shx, (Proposition 12.4.2]) . We show that the 
iterated integral Jt^' : {CH^ {fl' M,n* M), shx.) ^ (l^'(Af-^), A) is an algebra 
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map sending the shuffle product to the wedge product of differential forms on the 
mapping space; see Proposition l2.4.6l 

Two of the most important features of Hochschild (co)chain complexes over 
simplicial sets is their naturality in the simplicial set X,, and furthermore that 
two simplicial models of quasi-isomorphic spaces have naturally quasi-isomorphic 
Hochschild (co)chain complexes, see |P]. In particular one (usually) obtains many 
different models to study CH^' {A, N) for a given space X = \X,\. These facts 
can be combined to carry geometric or topological constructions to the Hochschild 
complex, which is applied in Sections [3] and |4] to study Hochschild (co)homology 
over compact surfaces of genus g. 

The collection of compact surfaces of any genus is naturally equipped with a 
product similar to the loop product of string topology |CSj , also see [S2] ■ The idea 
behind this product, that we call the surface product, is shown in the following 
picture. 
(1.1) 




In Section [3.1l we describe an explicit simplicial model for the string topology type 
operation induced by the map 

A/ap(S^ M) X Map{Y!', M) ^ Ma]){YP V E'', M) ''-^ Map{Y.s+'', M) 

coming from the above picture p.ip . More precisely, we obtain a surface product 
W : H,{Map{i:a,M))®H,{Map{Y,^,M)) H,+d^m{M){.Map{T,9+h , M)), which is 
given by the composition of the Umkehr map [pin)\ and the map induced by Pout, 

l±) : H,(Map{T.9 ,M)) ® H,{Map{Y}\ M)) 

H,{Map{T.9 V E'',M)) H,{Map{Y.3+^\ M)). 

We prove that the surface product makes 

(0H.(Afap(E^Af)),w) = ( i7.+rf,„(M)(Map(E9, M)), W) 

9 9 

into an associative bigraded algebra with H,(Map(E'^, M)) in its center; see Theo- 
rem l3.2.2l and Proposition l3.2.5l The restriction of the surface product to genus zero 
{i.e. spheres), M,{Map{I]^ , M)), coincides with the Brane topology product defined 
by Sullivan and Voronov H.(Map(S'2, M))®^ ^ M,{MapiS^ , M)) see P ICV]. 
In fact, in these papers it is shown, that -ff.+dim(M)(-^'^ ) is an algebra over 
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H,{fDn+i), the homology of the framed n-disc operad; see also [S2] for related 
algebraic structures. 

In Section [3?3l we apply the machinery of (higher) Hochschild cochain complexes 
over simplicial sets to give a fully algebraic description of the surface product. In 
fact, for positive genera, we define an associative cup product U : CH^g{A, B) (g) 
CH^h{A, B) CH^g^^{A, B) for the Hochschild cochains over surfaces, where B 

is a differential graded and unital commutative A-algebra, viewed as a symmetric 
bimodule; see Dcfinition l3.3.2l The construction of the cup-product is based on the 
fact that for any pointed simplicial sets X, and Y, , the multiplication B ® B ^ B 
induces a cochain map CH^g {A, B)^CH^,^ {A, B) ^ CH'^g^^y,^ {A, B) which can 

Pinch* ^ 

be composed with the puUback CH'.^g^^,,^^{A, B) ' CH^.^ {A,B) induced 

by a simplicial model Pinchg^^, : E^^'' — > S2 VE^' for the map pinch in Figure 

However, this product is initially only defined for surfaces of positive genera, 
and more work is required to include the genus zero case of the 2-sphere in this 
framework. To this end, we first recall a cup product for genus zero defined in 
P, and then define a left and right action, U, of CHf'{A,B) on CHf'{A,B). 
Taking advantage of the fact that one can choose different simplicial models for 
a given space, we then show that U is equivalent after passing to homology to an 
operation similar to the cup-product but defined on some other different simplicial 
models for the sphere and surfaces of genus g; see Definition 13.3.131 and Propo- 
sition 13.3.141 Putting everything together, we obtain a well-defined cup product 
U : (0g>o gg'.(A ,yl))®' ^ 0g>oiJiJ',(A,^) for aU genera on cohomology; 
see Theorem 13.3.181 More precisely, we prove that for a differential graded commu- 
tative algebra {A, (Ia), 

i) the cup product makes 0g>o HH^g {A, A) into an associative algebra which 

is bigraded with respect to the total degree grading and the genus of the 

surfaces and has a unit induced by the unit 1a of A. 
u) HH^o {A, A) lies in the center of 0g>o HH^g {A, B). 

The cup product is functorial with respect to both arguments A and B (see Propo- 
sition [^XIDD . 

The connection to topology is precise, that is the cup-product is a model for the 
surface product. We prove in Theorem 13.4.21 that for a 2-connected compact man- 
ifold M, the (dualized) iterated integral It^' : {^g-^„M^,{Map{T,9 , M)),\S) 
(0g>Q i/i?~g*(ri, ^2), U) is an isomorphism of algebras using rational homotopy 
techniques as in [FTj . As a corollary of this, it follows that the surface prod- 
uct W is homotopy invariant meaning, that, if M and N are 2-connected compact 
manifolds with equal dimensions, and i : M ^ N is a homotopy equivalence, then 
i* ■ (0g>oIfI»(^^ap(E9,Af)),W) ^ (0g>oH.(Map(Ef,iV)), W) is an isomorphism 
of algebras. 

Section |4] is devoted to the Hochschild homology of (differential graded) symmet- 
ric algebras {S{V),d) and a Hochschild-Kostant-Rosenberg type theorem. Recall 
that classically (when d — 0), this theorem states that the Hochschild homology 
HH,{S{V), S{V)), thought of as the Hochschild homology of functions on the dual 
space V*, can be identified with the space of Kahler differential ri5(v), that is the 
space of polynomial differential forms fls^v) = ^'V* = S{V)^A{V) = S{V®V[1]). 
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This result and its extension to the case where d ^ are main tools for comput- 
ing Hochschild homology in algebra and topology; see [LJ IBV|, IFTVl} IFTV2j for 
instance. Note that there is an obvious identification i^s(v) = S{H,{S^)(S)V). Sim- 
ilarly it is shown in [P] that HHf{S{V),S{V)) = S{V © V[2]) = S{H,{S'^) ® V). 

We prove a similar kind of theorem for surfaces. Indeed we show, that for a 
surface of genus g, there is an algebra isomorphism 

H,{S{H,{^a^ ® V),d^') ^ HHY'iSiV), S(y)) 

where dP" is a differential build out of the differential d and the coalgebra structure 
of H,{E3), see Theorem |4X2] It is worth noticing that d^" = iff d = 0. Further, 
there is a commutative diagram 

H,{S{H,{y S') ^V)) H,{S{H,{^3) (g>v)) H,{S{H,{S^) ^V)) 

HHy'-^'\s{V),SivT) ^HHf{S{V),S{V)j^^'HHf{S{V),S{V)) 

where the horizontal maps p, q are the algebra homomorphisms respectively induced 

2s 

by the homology maps H,{ \J S'^)(g)V) H,{Y.9) and H,{S^) obtained 

1=1 

by the obvious inclusion and surjection of spaces and the lower maps are obtained 
by functoriality of Hochschild homology. 

The main idea that is used to prove this result is, that if X is a space ob- 
tained by attaching various spaces along attaching maps, then the Hochschild ho- 
mology HH^ {A, A) can be computed by the Hochschild homology of the various 
pieces and the attaching maps via derived tensor products. For instance, a genus 
g surface can be obtained by suitably gluing a square along its bondary on a bou- 
quet of circles from which we deduce that there is an isomorphism CH^" {A, N) = 

ChT'=^ {A, N) CHi^ (A, A) for any A-module N; see SectionglTl With 

CHS'-(A,A) 

this tool in hand, we reduce the proof of the main theorem to appropriate statements 

about CH,'=^ {A,M) and CHi {A, A) for which the usual Hochschild-Kostant- 
Rosenberg Theorem and contractibility of the square may be used. . 

Further, the Hochschild-Kostant-Rosenberg type theorem for surfaces allows us 
to explicitly compute the surface product for odd spheres 5'^"+^ and a Lie group G. 
The idea is that in both cases, the differential graded algebras Vt* S^"^^^ and Q.'G, 
are quasi-isomorphic to symmetric algebras with zero differentials; see Examples 
14X61 and [4X71 in Section [41 
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matik in Bonn, where this project initiated. Also, we thank the Einstein Chair of 
the City University of New York, and the University Pierre et Marie Curie of Paris 
6 for their invitations. The last two authors are partially supported by the NSF 
ERG grant DMS-0757245. 

Conventions. 

- In this paper we use a cohomological grading for all our ( co)homology groups 
and graded spaces, even when using a subscript to denote the grading. In 
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particular, all differentials are of degree +1, of the form d : ^ and 
the homology groups Hi{X) of a space X are concentrated in non-positive 
degree (unless otherwise stated). 
- We follow the Koszul-Quillen sign convention: "Whenever something of 
degree p is moved past something of degree q the sign (— 1)^'^ accrues", 
see [Q] . In particular, we will often write "± " in the case that the sign 
is obtained by a permutation of elements of various degrees, following the 
Koszul-Quillen sign rule. 

2. Chen's iterated integrals for Hochschild complexes over 

simplicial sets 

2.1. Higher Hochschild chain complex over simplicial sets. In this section, 
we define Chen's iterated integral map for any simphcial set Y, and give exphcit 
versions of it in the three examples of the circle S^, the sphere and the torus 
T, and combinations of those. In the next section, we will prove that (under suit- 
able connectivity conditions) this gives in fact a quasi-isomorphism to the cochains 
of the corresponding mapping space = Map{Y, M). We start by recalling 
the Hochschild chain complex of an differential graded, associative, commutative 
algebra A over a simplicial set Y, from T. Pirashvili, see [P]. 

Definition 2.1.1. Denote by A the category whose objects are the ordered sets 
[k] — {0, 1, . . . , k}, and morphisms / : [fc] — > [I] are non-decreasing maps f{i) > f{j) 
for i > j. In particular, we have the morphisms Si : [fc — 1] [k],i = 0, . . . , k, which 
are injections, that miss i, and we have surjections aj : [fc + 1] [fc], i = 0, . . . , fc, 
which send j and j -I- 1 to j. 

A finite simplicial set Y, is, by definition a contravariant functor from A to the 
category of finite sets Sets, or written as a formula, Y, : A°p Sets. Denote by 
Yk = Y,{[k]), and call its elements simplicies. The image of 6i under Y, is denoted 
by di := Y,{Si) : Yk — > Yk-i, for z = 0, . . . , fc, and is called the ith face. Similarly, 
Si :— Y,{ai) : Yk Yk+i, for z = 0, . . . , fc, is called the ith degeneracy. An element 
in Yk is called a degenerate simplex, if it is in the image of some Si, otherwise it is 
called non-degenerate. 

We will mainly be interested in pointed finite simplicial sets. These are defined 
to be contravariant functors into the category Sets^, of pointed finite sets, Y, : 
A°P (Sets*. In this case, each Yk — Y, ([fc]) has a preferred element called the 
basepoint, and all differentials di and degeneracies Si preserve this basepoint. 

Furthermore, we may extend these definitions to define simplicial sets, respec- 
tively pointed simplicial sets, by allowing the target of Y, to be any (not necessarily 
finite) set. 

Now, a morphism of (finite or not, pointed or not) simplicial sets is a natural 
transformation of functors /, : X, — > Y,. Note that /, is given by a sequence of 
maps fk ■ Xk Yk (preserving the basepoint in the pointed case), which commute 
with the faces fkdi = difk+i, and degeneracies fk+iSi = Sifk for all fc > and 
i = 0, . . . , fc. 

Definition 2.1.2. Let Y, : A^p 5ets, be a finite pointed simplicial set, and for 
fc > 0, we set yk := #Yfe — 1, where #Y/j denotes the cardinal of the set Yk. Fur- 
thermore, let (A = ©jgz A"^, d, •) be a differential graded, associative, commutative 
algebra, and {M — ^-^j^IvP ,dM) a diflferential graded module over A (viewed as 
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a symmetric bimodule). Then, the Hochschild chain complex of A with values in 
M over Y, is defined as CH'^' [A, M) := 0„g2 CH^' {A, M), where 

CHl' {A, M) 0(Af ® A®^'=)„+fc 

is given by a sum of elements of total degree n + k. In order to define a differential 
D on CHY' {A, M), we define morphisms di : Yk ^ Yk-i, for i = 0, . . . , fc as follows. 
First note, that for any map f : Yk ^ Yi of pointed sets, and for migjai® • ■ '^ays. G 
M (g) , we denote by f^:M® A'^y" ^ M® A'^V' , 

(2.1) /*(m® ai ® ■ ■ ■ «)ayj ^ (-1)' ■ n ® 6i (g) • ■ • «)6y,, 

where 6^ = I\ief-->-{j) "'i (o'' = 1 if /^Hj) = 0) for J = 0,...,yi, and n = 
^ ■ nie/-i(bascpoint),«5:^basopoint The sigu € in equation dH]) is determined by the 
usual Koszul sign rule of(— l)'^! '^' whenever x moves across y. In particular, there 
are induced boundaries (c?i)* : CHf,' {A, M) CHj.'_^{A,M) and degeneracies 
(sj)* : CH^' {A, M) CH^^^{A, M), which we denote by abuse of notation again 
by di and sj. Using these, the differential D : CH^'{A,A) CHY'{A,A) is 
defined by letting D{ao ® ai (8) • ■ • <Xi Uy^) be equal to 

Vk k 

^(_l)fc+eiap . . . ® d{a,) (g) ■ ■ ■ (g) Gy^ + ^(-l)*d,,(ao ® • ■ ■ ® a^J, 

i=0 i=0 

where et is again given by the Koszul sign rule, i.e., (— 1)| = i-l^i-il The 

simplicial conditions on di imply that — 0. 

More generally, if Y, : A°p Sets is a finite (not necessarily pointed) sim- 
plicial set, we may still define CH^'{A,A) := ^^^^CH^' {A, A) via the same 
formula as above, CH^'{A,A) 0^,>o(A A®i"»)„+fc. Formula again in- 

duces boundaries di and degeneracies Si, which produce a differential D of square 
zero on CH^' [A, A) as above. 

Remark 2.1.3. Note that due to our grading convention, if A is non graded (that 
is, concentrated in degree 0), then HH^'{A,A) is concentrated in non positive 
degrees. In particular our grading is opposite of the one in L^. 

Note that the equation (|2.ip also makes sense for any map of (pointed) sets 
/ : Xk Yk where X, and Y, are simplicial (pointed) sets. Since A is graded 
commutative and M symmetric, {f ° g)* — f* ° g*, hence Y, CH^' {A, M) 
is a functor from the category of finite pointed simplicial sets to the category of 
simplicial fc-vector spaces, see [P]. If M — A, CH^''{A,A) is a functor from the 
category of finite simplicial sets to the category of simplicial fc-vector spaces. 

Definition 2.1.4. Denote by Dk+i the subspace of CH^''^^{A,M) spanned by 
all degenerate objects, Dk+i = Im{{so)*) + ■ • • + Im{{sk)*). It is well-known ([Ll 
1.6.4, 1.6.5]), that the Dk+i form an acyclic subcomplex D, of CH^' (A, M), which 
therefore implies that the projection CHj'{A,M) CH^'{A,M)/D, is a quasi- 
isomorphism. We denote this quotient by NH^' {A, M) , and call it the normalized 
Hochschild complex of A and M with respect to Y, . 

The tensor product of differential graded commutative algebras is naturally a 
differential graded commutative algebra. Thus, for any finite simplicial set Y,, 
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CH^' (A, A) is a simplicial differential graded commutative algebra, and further 
CH^'{A,M) is a (simplicial) module over CH^'{A, A). 

Definition 2.1.5. Let X,, F,, and Z, be simplicial sets, and let J, : Z, ^ X, and 
g, : Zt y, be maps of simplicial sets. We define the wedge W, = X, \Jz, Y, of 

X, and Y, along Z, as the simplicial space given by Wk = {Xk U Yfe)/ ^, where 
~ identifies fk{z) — gk{z) for all z e Zk- The face maps are defined as df^'{x) = 
'if'{x),dY'{y) = dj'(y) and the degeneracies are s^'ix) = sf * (x), * (y) = 
sj'{y) for any x G Xk ^ Wk and y GYk ^ Wk- It is clear that W, is well-defined 

and there are simplicial maps X, ^ W, and Y, ^ W, . 

If X, is a pointed simplicial set, then we can make W, into a pointed simplicial 
set by declaring the basepoint to be the one induced from the inclusion X, W,. 
(Note that this is in particular the case, when X^^Y,, Z,, f, and g, are in the 

pointed setting.) 

Lemma 2.1.6. There is a map of Hochschild chain complexes 

CH^' {A, M) ®^^z. CHj' (A, A) ^ CH^' {A, M). 

If Z, injects into either Z, ^ X, or Z, ^ Y, , then this map is in fact an isomor- 
phism of simplicial vector spaces. 

The tensor product in Lemma 12.1.61 is the tensor product of (simplicial) modules 
over the simplicial differential graded commutative algebra CH^' {A, A). 

Proof. Using the functoriality of the Hochschild chain complex [P] , there is a com- 
mutative diagram, 

(2.2) CH^' {A, A) — ^ CH^' {A, A) 

s. i* 

CH^' {A, A) — ^ CH^' {A, A) 

which induces the claimed map. If Z, injects for example into X,, then the tensor 
product yl^^fc+i (g)^».^.+i is isomorphic to which gives the 

isomorphism of the Hochschild complexes. □ 

2.2. Definition of Chen's iterated integrals. Assume now, that M is a com- 
pact, oriented manifold, and denote hy fl = n*{M) the space of differential forms 
on M. For any simplicial set Y,, we now define the space of Chen's iterated in- 
tegrals Chen{M^) of the mapping space = Map{Y, M), and relate it to the 
Hochschild complex over Y, from the previous section. 

Definition 2.2.1. Denote by Y := |Y,| = ]J A* x Y,/ ~ the geometric realization 
of Y,. Furthermore, let S,(Y) be the simplicial set associated to Y, i.e. Sk{Y) := 
Map(A'^,Y) is the mapping space from the standard /c-simplex A'' = {0 < ii < 
• ■ ■ < ^fe < 1} to Y. By adjunction, there is the canonical simplicial map ?/ : Y, — > 
S,{Y), which is given for i g Y^ = {0,...,yk} by maps ri{i) : A'^ ^ Y in the 
following way, 

viiKh <---<tk):= [{ti <---<tk)x {i}] e(j]_A' X Y./ ^) = Y. 
Here we identify with the base point of Yk . 
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Denote by = Map{Y, M) the space of continuous maps from Y to M, which 
are smooth on the interior of each simplex Image{ri{i)) C Y. Recall from Chen [C| 
Definition 1.2.1], that to give a differentiable structure on , we need to specify 
a set of plots 4> : U ^ , where U C M" for some n, which include the constant 
maps, and are closed under smooth transformations and open coverings. To this 
end, we denote the adjoint of a map (p : U ^ hy 4>^ : U xY ^ M. Then, define 
the plots of to consist those maps (/):[/—> , for which : U x Y ^ M is 
continuous on U x Y, and smooth on the restriction to the interior of each simplex 
of y, i.e. (hi\ 

c/x (simplex of y)" is smooth. 
Following [Cl Definition 1.2.2], a p- form w G il^{M^) on is given by ap-form 
W0 G flP{U) for each plot (f) : U ^ M^, which is invariant with respect to smooth 
transformations of the domain. Let us recall from [C] that a smooth transformation 
between two plots cj) : U ^ and : V ^ is a smooth map 6 : U ^ V such 
that the following diagram 

<f>» 

U X Y 




V xY 

commutes. The invariance of a p-form means that 9*{uj^) — uj^. The differential, 
wedge product and puUback of forms arc all defined plotwise. We will now define 
certain forms on M^, which we call (generalized) iterated integrals. 

To this end, assume that (f) : U ^ is a plot of , and we are given yk + l = 
#Yfc many forms on A/, oq, . . . , aj,^ G = fi*(M). We define := ev o (cj) x id), 

(2.3) p^:C/x A'^^-^'m^x A'^^A/y'^+i, 
where ev is defined as the evaluation map, 

(2.4) evi-f : r ^ Af, ti < • • • < tfe) = ((7 o r,{0)) (<i < • • • < tk), 

(7or](l))(ii < •■• <tfc),-- - ,(7or;(yfe))(ti < • ■ • < ifc)) . 

Now, the puUback {p4,)*{ao(^- ■ -(^ciy^) £n'{U x A''), may be integrated along the 
fiber A*^, and is denoted by 

(/ao-.-ay.) / ip^)* {ao <E) ■ ■ ■ <S> ayj en'{U). 

\JC /0 J A'' 

The resulting p = (^ ■ deg{ai) — A:)-form oq . . . a^^ G ilP(A/^) is called the (gen- 
eralized) iterated integral of aq, . . . , a^j,. Here, we used the symbol instead of J, 
since our notation differs slightly from the usual one, where iterated integrals refer 
to the integration over the interior of a path, see also example 12.3.11 below. 

The subspace of the space of De Rham forms il'{M^) generated by all iterated 
integrals is denoted by Chen{M^ ) . In short, we may picture an iterated integral as 
the puUback composed with the integration along the fiber A*^ of a form in Af*"-"'"-'^, 

X A'' My>'+^ 
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We now use the above definition to obtain a chain map It^' : CH^'{Vl,H) 
Chen{M^). In sections 12.51 and 12. 4( we wiU see that Xt^' is in fact a quasi- 
isomorphism and an algebra map. In detail, for homogeneous elements ® ■ ■ ■ ® 
ay^ G CH^'(VL,Vt), we define 

(2.5) Xt^' (ao «)■•■«) flj^ J := / oq . . . a^^ . 



c 



Lemma 2.2.2. Xt^' : CH^'{n,n) Chen{M^) is a chain map. 

Proof. Since, J^ao . . . ay^ is a (J^i deg{ai) — fc)-form, Xt^' is a degree linear map. 
We need to show that Xt^' respects the differentials. Using the definitions together 
with Stokes theorem for integration along a fiber. 



A'' ) Ja'' JdA'' 



we see that for some plot (j) : U , d (Xt^' (ao ® ai (8) • • • (8) a-yS) ^ is equal to 

i {p<j})* {ao ® ai ® ■ ■ ■ ® ay^) 

d({P4>)*{ao ® ai (g) ■ ■ • «> aj^J ) ± / (P0)*(ao ai ■ ■ ■ flj^J 



A*" ^ ^ Jd(A 

d{aj ) • ■ ■ (8) fly^ 



where, for the boundary component, with ti < ■ ■ ■ < tj ^ tj+i l£ ' ' ' l£ tk, 

the product of all the a;'s for which I satisfies di{l) = j. Thus, we recover precisely 

Xt'^'{D{ao(S)ai(S)---(g)ayJ). □ 

Recall also from [C] Definition 1.3.2] that the space of smooth p-chains Cp(M^) 
on is the space generated by plots of the form a : . We de- 

note by C, (M^) = ®pCp{M^ and give it a differential in the usual way. 
It follows from [Cj Lemma 1.3.1], that the induced homology is the usual one, 
H{C,(M^)) = H,{M^) (that is, the singular homology of M^). The canonical 
chain map n*{M^) (g) C,(M^) R, given by < w, ct >:= J^p oja, induces a similar 
chain map on the space of iterated integrals, Chen{M^) (g) C,(M^) — > R. 

Finally, we remark, that the construction is clearly functorial in Y,. Thus it 
extends by limits to the case where Y, is non necessarily finite. In particular, it 
also allows us to define a kind of Chen iterated integral, if we start with a topological 
space and not a simplicial set as follows. 

Definition 2.2.3. Let X be a (pointed) topological space. Then we have the 
(pointed) simplicial set S,{X). By definition the Hochschild chain complex of A 
over St{X) with value in an yl- module N is, in (external) degree k the limit 

i+^SkiX) 
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over all i+ where i+ = {0, ■ ■ ■ ,i} with for base point, li X = jY, | is the realisation 
of a simplicial set Y,, then the natural map rj : Y, S,{\Y,\) = S,{X) (see Defini- 
tion HXI]) induces a natural quasi-isomorphism CHY'{A,N) CH^''^^\a, N), 
see [P . Let us define It^ : CH^''-^\n,n) fl' {Map{X, M)). It is enough to 
define, for all fc > 0, natural maps It^ : f^g)!]®* ^ n'{Map{X, M)) for all [3 : i+ ^ 
Sk{X). We define, for each plot (j):U Map{X, M), and qq, . . . , a, e fl = n'{M), 

It/siao ai)^ = / (p0,;3)*(ao g) ■ ■ ■ ® Oi), 

J A'' 

where p^^p = evp o (0 x id) and evp : Map{X, M) x A*"' M"^^^ is given by 

ev^ij : X ^ M,h < • ■ • < ifc) ((7 o /5(0)) (ti < • ■ • < tfc), 

(7°/3(l))(^i <---<tk),--- ,{lo/3{t)){h <---<tk)). 
The naturality of evp is obvious and induces the one of Ttp. Hence we get a 
well defined map It^ : CH^'^^\n,n) fl* (M ap{X , M)) . It is a chain map for 
the same reason as above. The image oflt^ in n*{Map{X,M)) is denoted by 
Chen{Map{X,M)). 

Remark 2.2.4. Note that ifX= |y.|, then Jt^' ^Xi^oyy, where 77* : CHY'{n,n) - 
CH^''^^\n, n) is the chain map induced by 7/ : F, S,{\Y,\) = S,{X). 

Remark 2.2.5. Definition 12.2.31 easily extends to any (infinite) pointed simplicial 
set Y,, see [P]. 

2.3. Examples: the circle, the sphere and the torus. We will demonstrate 
the above definitions in three examples provided by the circle 5*^ , the torus T, and 
the 2-sphere S*^. We then demonstrate how to wedge two squares along an edge, 
and how to collapse an edge to a point. We start with the circle S^. 

Example 2.3.1 (The circle S^). The pointed simplicial set 5*^ is defined in degree 
k hy Si — {0, ... ,k}, i.e. it has exactly fc + 1 elements. We define the face maps 
di : S\ ^ Sl_-^, for < i < fc, and degeneracies Si : ^ ^l+n for < i < fc, as 
follows, cf. [n 6.4.2]. For i = 0, . . . , fc — I, let di{j) be equal to j or j — 1 depending 
on j = 0, . . . , ? or = i + 1, . . . , fc. Let dk(j) be equal to j or depending on 
J = 0, . . . , fc — 1 or J = fc. For i = 0, . . . , fc, let Si(j) be equal to j or j + 1 depending 
on j — 0, . . . ,i or j = i + I, . . . ,k. 

In this case, we have (#5*^ — 1) = fc, so that we obtain for the Hochschild chain 

el 

complex over Si, CH,' {A, A) = 0fc>o A(E)A'^''. The differential is given by 

k 

D{ao (g) • • • (g) Cfe) = ^ ±ao (g) ■ ■ ■ (g) d{ai) g) ■ ■ ■ (g 

1=0 

fc-i 

+ ^ ±ao (g ■ ■ ■ g) {tti ■ fli+i) (g ■ ■ ■ g) ak ± {ak ■ uq) g) ai (g ■ ■ ■ (g Uk-i, 

1=0 

(see Definition 12 . 1 . 21 for the signs) which is just the usual Hochschild chain complex 
CH,{A,A) of a differential graded algebra. 

Note that jS*^! = S"^, cf. 7.1.2], whose only non-degenerate simplicies are 
G Sq and 1 g S'J. Now, if we view S^ as the interval / = [0,1] where the 
endpoints and 1 are identified, then the map 77(7) : Sl Sk{S^) — Map[/^^, S^) 
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from definition 12.2.11 is given by 77(1) (0 < ti < ■■■ < tk < 1) = ti, where we 
have set to — 0. Thus, the evaluation map (|2.4p becomes ev{'^ : M,ti < 

•■■ < tk) = (7(0), 7(ti), . . . , 7(tfc)) e 1/*^+^. Furthermore, we can recover the 
classical Chen iterated integrals It^' : CH,{A,A) fl'{M^ ) as follows. For a 
plot (f) : U ^ we have, 





• ■ flfc ] 


-1 




/ 1 





= (7ro)*(ao)A J (p0)*(ai (g) • • • ® Ofc) = (7ro)*(ao) A f ai...ak, 



where 'p^ : U x "^^^ M^^ x ^ induces the classical Chen iterated 
integral J ai . . . ak from C and ttq : AI is the evaluation at the base point 

TTo : 7 1-^ 7(0). 

Example 2.3.2. [The torus T] In this case, we can take T, to be the diagonal 
simplicial set associated to the bisimplicial set 5*^ x S"^, i.e. Tk = Sl x Sl, see 
[L"i Appendix B.15]. Thus, has (fc + 1)^ elements, so that we may write = 
{{Pj 1) \ Pt Q = , ■ ■ ■ , k} which we equipped with the lexicographical ordering. The 
face maps di : Tk ^ Tk-i and degeneracies si : Tk ^ T^+i, for i = 0, . . . , k, are 
given as the products of the differentials and degeneracies of Sl, i.e. di{p,q) = 
{di{p),d.i{q)) and s^{p, q) = {s^{p), s^{q)). 

With this description, we obtain CHj'{A,A) = 0fc>o ^ ^'^('="+2^). If we 
index forms in M by tuples (p, q) as above, then we obtain homogenous elements 
of CH'^' {A, A) as linear combinations of tensor products a(o,o) ® ■ ■ ■ ^ a(k,k) G 
CHJ' {A, A). The differential £)(a(o,o) ® ■ ■ ■ ® a(k,k)) on CHj' [A, A) consists of a 
sum 



(fc.fe) 



^ ±0(0,0) da(p,q) ®---® a(k,k) + X! ±'^^('^(0,0) a(fc,fc))- 



(p,g) = (0,0) 



The face maps di can be described more explicitly, when placing a(o_o) ® ' ' ' ® 
in a (fc + 1) X (fc + 1) matrix. For i = 0, . . . , — 1, we obtain di(a(o,o) ® ■ ■ ■ ® 
^(k.k)) by multiplying the ith and (i + l)th rows and the ith and (i + l)th columns 
simultaneously, i.e., (ii(a(o,o) ® ■ ■ ■ ® o,(k,k)) is equal to 



0(0, o)"?) 



®a(o,i)a(o,i+i)® 



<H>a(o,fe) 



«(i-l,0)<X) 

a(i+2,o)® 



®a,{i-i,i)a{i-iA+i)® 
50(1,4) a(i,i+i)a(i+i_i)a(i+ii_|_i)C 

®a(i+2, 1)0(1+2,1+1)® 



®a{i-i,k) 
'ia(i,k)a(i+i,k) 
®a(i+2,fc) 



a(fe,o)<8> 



®ai^k,i)a{k,r+i)® 



'®a{k,k) 
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The differential dk is obtained by multiplying the fcth and 0th rows and the kth. 
and 0th columns simultaneously, i.e., c?A;(a(o,o) (E) • • • (E" a(fe,fc)) equals 



a(o,o)a(o,/c)0(fe,o)a(fc,fc)® a(o,i)'^(fe,i) 
O(i,o)a(i,fe)«' a(i,i)«) 



5a(o,i:-i)a(fe,fc-i) 
®a(i,fc-i) 



a(fc-i,o)«(fe-i,fc)'^ 



l(/c-l,l)'> 



(fc-i,fc-i) 



where the sign ± is the Koszul sign (with respect to the lexicographical order) given 
by moving the A;th row and lines across the matrix. 

Note that |T, | = \Sl\ x \Sl\ = T, which has non-degenerate simplicies (0,0) G 
To, (0,1), (1,0), (1,1) e Ti and (1,2), (2,1) e T2. Now, if we view the torus T 
as the square [0, 1] x [0, 1] where horizontal and vertical boundaries are identified, 
respectively, then the map f]{p,q) : T^, Map( A'^,T) is given by ri{p,q){0 < ti < 
■ ■ ■ < ifc < 1) = {tp, tq) G T, for p, (7 = 0, . . . , fc and to = 0. Thus, the evaluation 
map in definition 12.2.11 becomes 



(7(0,0), 7(0,ii), ■•• , 7(0, ife), 
7(ti,0),7(ii,ii), • • • ,7(ii,ife), 

7(ifc,0),7(tfe,ii),--- ,j{tk,tk)) 



According to definition 1 2. 2. II the iterated integral It^{a(^Q Q-f (E) ■ ■ ■ <S> a(fe,fc)) is given 
by a puUback under the above map M'^ x A'^ M^'^"'"^^^, and integration along 
the fiber A*-'. 

Note that a similar description works for any higher dimensional torus T"^ = 
X ■ ■ ■ X {d factors) by taking (T**);,; = Si x ■ ■ ■ x Si- Its underlying Hochschild 

chain complex CH,'{A,A) = ® k>o ^^'-''^^^ ^as the zth face map di, for i = 
0, . . . , /c — 1, given by simultaneously multiplying each ith with (i + l)th hyperplane 
in each dimension, and a similar description for dk- 



Example 2.3.3. [The 2-sphere 5^] In this case, we define to be the simplicial 
set with #5"^ = + 1 elements in simplicial degree k. In order to describe the 
faces and degeneracies, we write = {{0,0)} U {{p, q) \ p, q = 1, . . . , fc}, and set 
the degeneracy to be the same as for the torus in the previous example 12.3.21 

i.e. sf*(p, g) = sj'{p,q) for (p, g) G and i = 0, . . . , fc. The iih differential 

is also obtained from the previous examples by setting d- * (p, q) = (0, 0) in the 

case that d- '{p) = or d- ' {q) — 0, or setting otherwise d^ ' {p, q) — d-' (p, q) — 

idf-ip),df'iq)). 
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S i 2 

We thus obtain CH, ' {A, A) = 0^.>o A ® A'' with a differential similar to the 
one in example [2X2l For example, we have for D\A®A^^ —f {A® A^^ ) ® [A® A^'^ ) , 

/«(o,o) \ 
D 550(1^1) 00(1.2) — i apply d to each a(p,5) 

\ ®a(2,i) ®a(2,2)j {p,q) 

_|_ 0(0, 0)0(1, 1)0(1, 2)0(2,1) _ ^^(0,0) 

'8)0(2,2) ®0(i, 1)0(1, 2)0(2, 1)0(2, 2) 

_|_ «(0, 0)1(1, 2)0(2,1)0(2, 2) 

®0(i,i)' 

where the last ± sign is the Koszul sign (in the lexicographical order) given by 
moving 0(i,2), 0(2,i), 0(2,2) across 0(i,i). 

It can be seen that \Sl\ — . If we view the 2-sphere as a square [0, 1] x [0, 1] 
where the boundary is identified to a point, then we obtain the evaluation map, 

(7(0,0), 

, , 7(^i,^i),--- ,7(^i,ifc), ,2,, 

litk,ti), ■ ■ ■ ,j{tk,tk)) 

This completes our three examples S'^,T, and 5^. Later, in section [3TT1 we 
will describe a simplicial model for a surface of genus g, which is build out of 
collapsing an edge to a point and wedging squares along vertices or edges. The 
essential ideas in these constructions will be demonstrated in the next example. 

Example 2.3.4. [Wedge along an edge or a vertex] The simplicial model for the 
point pt, is given by ptk = {0} for all fc > 0, with trivial faces and degeneracies. 
Next, we can give a simplicial model for the interval /, by taking Ik — {0, ■ ■ ■ , k + 1} 
with differential for i — 0, . . . , fc, di{j) equal to j or j — 1 depending on j < i or 
j > i. The associated Hochschild chain complex is just the two sided bar complex, 
CH^' {A, A) = 0i,>o A® A'' ® A ^ B{A, A, A). Similarly, we have the simplicial 
square := /, x /, , i.e. = Ik x Ik has (fc + 2)^ elements with differential 

4-=<-x4-. 

We can use the pushout construction from Lemma 12.1.61 to glue two squares 
along an edge. In fact, this can be easily done using the inclusion inc : I, ^ I, 
twice to obtain I^ U/, I^. Similarly, we can wedge two squares at a vertex, where 
we use the inclusion inc' : pt, — > I^ to obtain I^ Upt, I^- Note that in this case, we 
do not need to assume that the inclusion inc' : pt, I^ preserves the basepoints. 

A more interesting operation may be obtained via the collapse map col : /, — >• 
pi,, which together with the inclusion inc . I, —> I^ induces the square with one 
collapsed edge I^ U/. pt,. We will use this type of construction in subsection 13. II to 
obtain our model for the surface of genus g. 

There are two maps s, t : pt, — > /, given by s(0) ~ and t{0) = fc + 1 in simplicial 
degree fc and a (unique) projection p : I, pt,. These 3 maps induces 4 inclusions 
Sij : pt, —> I^ = I, X I, mapping the point to one of the corner of the square, 2 
projections pj : I^ ^ I, {i,j E {1, 2}) and a collapse map p x p : I^ ^ pt, x pt, = 
pt,. The following Lemma is trivial but useful. 

Lemma 2.3.5. The maps s, t, p, Sij and pj are maps of simplicial sets. 
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2.4. The cup product for the mapping space Map{Y, M). We now show that 
there is an differential graded algebra structure on CH^' and Chen{M^), 

and that the iterated integral Tt^' preserves this algebra structure. The algebra 
structure on Chen{M^) is the one induced by the wedge product in il*(M^), cf. 
definition 12.2.11 To define the product on CHY'{A,A), we first recall the shuffle 
product for simplicial vector spaces V, and W,, see e.g. pL, Lemma f.6.ff]. 

Definition 2.4.1. For two simplicial vector spaces V, and W,, one defines a sim- 
plicial structure on the simplicial space (V x W)k ■— Vk (8) Wk using the boundaries 
dY ® and degeneracies (8 s]^ . There is a shuffle product sh : Vp Wq 

sh(v (g) = ^ sgn{fi, j^)(s^^ ...s^^ (v) (g) s^^ . . . s^^ {w)), 

where (/i, v) denotes a (p, q)-shuSie, i.e. a permutation of {0, . . . ,p+q — 1} mapping 
< j < P — 1 to Hj+i and p<j<p + q— I to Vj^p^i , such that < ■ ■ ■ < and 
i^i < ■ ■ ■ < Vq. In particular, for V, — W,, this becomes sh : VpiS^Vq ^ Vp+qiS^Vp+q. 

Since CH^' {A, A) is a simplicial vector space, we obtain an induced shuffle map 
sh on CH^' {A, A). Composing this with CHj' (/i, ^), where : A® A A denotes 
the product of A^ which is an algebra map since A is graded commutative, we obtain 
the desired shuffle product shy, of CH^' {A, A)^ 

shy. : CHl' {A, A) ® CH^' {A, A) ^ CH^' iA(g>A,A^A) ^"^^'^^ CH^' [A, A). 

Proposition 2.4.2. The shujfle product shy, : CHY'{A,A)®^ CHY'{A,A) 
makes CH^'{A,A) a differential graded commutative algebra, which is natural 
in A. If ft : is a map of simplicial sets, then the induced map : 

CH^' {A, A) CH^'{A,A) is a map of algebras and a quasi-isomorphism if the 
map H,[J,) : H,[X,) — > H,{Y,) induced by /, is an isomorphism. 

Proof. The shuffle product V, (g V, {V x V), for simplicial vector spaces is 
associative and graded commutative (see (Ll Section f .6]). Further p, : A® A^ A 
is map of differential graded algebras since A is (differential graded) commutative. 
Hence shy, is an associative and graded commutative multiplication and a map of 
chain complexes. 

That /* : CH^' {A, A) CH^' (A, A) is a map of algebras follows by naturality 
of the shuffle product and the last claim is proved in [P^ Proposition 2.4]. □ 

In view of the above Proposition 12.4.21 Lemma [2. 1. 61 has the following counter- 
part. 

Corollary 2.4.3. Let X., ¥,, W, and Z., f, : Z, ^ X,, g, : Z, ^ Y, be as 

in Lemma \2.1.6\ and Definition \2.L5\ There is a natural morphism of differential 
graded algebras 

CH^' [A, A) ®^^z. CH^' {A, A) ^ CH^' {A, A) 

If Z, injects into either Z, ^ X^ or Z, ^ Y,, this natural map is a quasi- 
isomorphism. 

Proof. Proposition ! 2.4.21 and the commutative diagram (|2.2p implies that CH^' {A, A) 
and CH^' {A, A) are Ci/f • {A, A)-algebras and that the maps : CH^' {A, A) 
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CH^' {A, A) : CH^' {A, A) CH^' {A, A) are maps of (differential graded) 
commutative Cff^* (A, A)-algebras. Since i, o = j„ o g*, the composition 

CH^' [A, A) ® CHJ' (A, A) CH^' {A, A) ® CH^' {A, A) CH^' {A, A) 

induces a natural morphism CH^' {A, A) ^q^z. CH^' {A, A) —f CH^' {A, A) 

of CH^' {A, A)-algebras. The last statement follows from Lemma r2.1.6l and the fact 
that the shuffle product V, W, ^ {V x W), is a natural quasi-isomorphism of 
simplicial vector spaces. □ 

By Proposition I2.4.2i for any simplicial set X, and commutative (differential 
graded) algebra A, {CH^' {A, A), D, shx, ) is again a commutative differential graded 
algebra. Thus its Hochschild chain complex CH^' (CH^- {A, A),CH^' {A, A)) is 
defined for any simplicial set Y, and is a commutative differential graded algebra. 

Corollary 2.4.4. There is a natural (with respect to X,, Y, and A) quasi-isomorphism 
of algebras 

CH^' {CHJ' (A, A), CH^' {A, A)) ^ Ch!.^''^^' {A, A) 

where {X x Y), is the diagonal of the bisimplicial set X, x Y,, that is {X x Y)n = 

X Yn ■ 

Proof. The quasi-isomorphism is induced by the Eilcnberg-Zilber quasi-isomorphism 
{i.e. the shuffle product). In order to define it more explicitly, we need the fol- 
lowing definition of Hochschild chain complex CH-^' (R,) over a simplicial set X, 
for a simplicial algebra R,. This is a bisimplicial vector space which is given in 
simplicial bidegree {p, q) by CH^p {Rq) = i?^ (g) i?®^" where Xp + 1 = #Xp. Its face 

maps CH'^p{Rq) CH^p-^ {Rq) are given by the usual ones for the Hochschild 
complex over X, as in Definition 12.1.21 and similarly for its degeneracies along the 
X, direction. Thus, CH^' {Rq) = CH^' {Rq, Rq) is the Hochschild chain complex 

of the algebra Rq over X,. The simplicial face maps CH^p{Rq) ^ CH^p{Rq^i) 
along the R, direction are induced by the face maps of i?,: 

CH^P{Rq) ^Rq® Rf^P Rq^l ® Rq^'^ = CH^P{Rq-l) 

and similarly for the degeneracies. Thus, CH^p{R,) = {Rx- ■ - x R), is the (1-1- Xp)- 
times iterated cross-product of the simplicial algebra R, (see Defimtion l2.4.1l above) . 
If R, is a simplicial commutative differential graded algebra, then CH^' {R,) is a 
bisimplicial commutative differential graded algebra. Note that for the standard 
Hochschild chain complex over Sl, this definition was first introduced by Good- 
willie ^GoJ. 

By the (generalized) Eilenberg-Zilber theorem [MacLl IGJ| . there is a natural 
quasi-isomorphism £'Z : CH^'{R,) —f diag{CH^'{R,)),, where diag{C H^' {R,)), 
is the diagonal simplicial set associated to the bisimplicial set CH^' {R,). Hence, 
in simplicial degree n, diag{CH^' {R,))n = CH^"{Rn) = i?n «) i?^^". Note that 
the map EZ ; CH^p{Rq) = Rf^^""" CH^p+''{Rp+q) = Rpl^"""^" is given by a 
formula similar to the one in Definition 12.4.11 that is 

(2.6) EZ=Y^ sgn{^, .)«• . . . .^;) o . . . s^^f'^^'^) 
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where i/) denotes a (p, (7)-shuffle and sf' , s^' are the degeneracies along the X, 
and i?, simplicial directions respectively. 

From Definition I2.1.2( it is clear, that CH^' (A, A) is a simplicial differential 
graded commutative algebra, and, that CHi^'''^^' {A, A) ^ diag{CH^' {CH^' {A, A))),, 

smceCH!.''''^^^-{A,A)^A'^'^^+'="'>^^+y-^ ^ Thus, the Eilcnberg- 

Zilber map (j2.6p gives a quasi-isomorphism of underlying chain complexes 

CH^'{CH^'{A,A)) ^ CHi^''^'^'{A,A). 

Note that on the left hand side, CHj' (A, A) is considered as a simplicial differential 
graded algebra. Now we need to define a quasi-isomorphism 

CH^' (CH^' (A, A),CHl' {A, A)) ^ CH^' {CH^- {A, A)) 

where on the left, CH^' (A, A) is equipped with its structure of commutative differ- 
ential graded algebra given by the shuffle product shy, and the Hochschild differ- 
ential D. Iterating the Eilenberg-Zilber map Xp-times, we get a quasi-isomorphism 

EZ^^v) ■ CH^'{CH^'{A,A),CH^'{A,A)) ^ {CH^' {A, A))®^'^^'"''^ 

'"^^ {CHl^'{A,A)Y^'^'^'^ ^CH''^{CH^'{A,A)), 
where sh is the shuffle product as in Definition 12.4. II Thus the composition 

CH^'iCH^'iA,A),CHl'{A,A)) ^ CHr^'^^'iA.A) 

is a natural quasi-isomorphism. 

Since the algebra structure on CH^'{CHY'{A,A),CHY'iA,A)) is the compo- 
sition of the shuffle product 

sh : Ci/f " (CH^' (A, A), CH^' (A, A)) ® CH^"' (CH^' (A, A),CHI' (A, A)) 

^ ^^^Y. A)'^^,CHl- {A, 

with the map CH^' {shy, ) (also induced by the shuffle product see Definition l2.4.ip . 
the fact that the natural map CH^- {CH^' (A, A), CH^' {A, A)) CHi^''^^' {A, A) 
is a map of algebras follows from the associativity and commutativity of the shuffle 
product. □ 

Example 2.4.5. If T, is the simplicial model for the torus given in Example l2.3.21 
then, by CoroUarv 12.4.41 above. CHj'{A,A) is quasi-isomorphic, as an algebra, to 

CHt'{CHt'iA,A),CHt'iA,A)), that is to the standard Hochschild complex of 
the standard Hochschild complex of the algebra A. 

Using a decomposition of the product A'^' x A' into a union of {k + Z)-simplices 
A'^+', which is indexed by the set of all shuffles, we obtain the following Proposition. 

Proposition 2.4.6. For any compact, oriented manifold M , the iterated integral 
maplt^' : {CH^' in,n), shy,) (17'(Af^),A) is a map of algebras. 

Proof. We need to show, that for oq (g) • ■ ■ (8) Uy^ ^h^ ® ■ ■ ■ ®hy^ e CH^' (fl, f2), 
(2.7) 

It^' (ao (8) • • • (g) aj^ J A It^' (6o (8) • • • ® fo^^, ) = It^' {shy, {ao(S) ■ ■ ■ <E)ay^,bo(E) ■ ■ ■ (S)by,)). 
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Let : [/ ^ be a plot, and : U x A'=+' ^ Aiy>'+'+^ the map from dOj) . 
Note that each degeneracy : ^ ^r+i induces a map M"' : — > M*'''+^, 
which in turn induces the degeneracy Si : Q^y'-+^ — > f2®!/r-+i+i CH^'{n,D.). 
Since the multiphcation ^ : fi*^^ ^ is obtained by puUback along the diagonal 
S : M ^ AI X M, the term on the right side of (|2.7p becomes, 



± 



where a : My''+'+^ My''+'+^ x Af2"=+'+i ^ M?"=+i x Af^^+i is the composition of 
the diagonal of M^^^+'+i with the map (M""! . . . M^-i ) x {AP'^k . . . M'-^'i ). 

Recall the degeneracies cr^ : A''+i ^ (0 < ii < • • • < t^+i < 1) (0 < ii < 
• ■ ■ ^ ti < ■ ■ ■ < tr+i < 1), which removes the ith coordinate from the standard 
simplex, cf. fD, Appendix B.6]. Then for any 7 £ , the map ev from 
makes the following diagram commutative. 



A'' 



ei?{7, 



Thus, for any shuffle (/i, i^), we obtain the commutative diagram 

rpxid 



U X A'=+' 



Af ^ X A''^+' 



]\/[yk+i+i 



{/ X A'= X A' 



(eD,eD) 

X A''+' ^ M^^+'+i X AP''-+'+i 



(pxidxid 



Af X A* X A' 



(ei!,e'(;) 



where the right vertical map is a, and = (cti^j . . . a^^, a^j^^, . . . a^^) : A*^+' — + 

^fe X Thus, a o = p$ o (id x p^'^''^'>), where p$ denotes the bottom map. 
Using the decomposition of A*^' x A' = n(^^^)/3(^''') (A'=+'), we can simplify the right 
hand side of (12.71) to 



U(^,„)/3(A'>'')(A*+') 



(p$)*(ao <X) • • • (8) flyj^ &o ' 



(p^)* (ao • • • (8) flj, J A / (p^)* (60 



li^* (ao ■ • ■ ® fly J A Xt'^* (60 ® ■ ■ • (8 ), 



which is the claim. 



□ 



The previous Proposition shows, that the wedge product of two iterated integrals 
is again an iterated integral, so that "A" preserves Chen{M^ ) C 51* (M^). We thus 
have the following Corollary. 
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Corollary 2.4.7. It^' : {CH^' {n,n), shy.) {Chen{M^),A) is a map of alge- 
bras. 

Remark 2.4.8. The proof of Proposition l2.4.6] is essentially the same as the proof 
given by Patras and Thomas in [FT, Proposition 2], and could have been deduced 
from IPTI . We will use the relationship with PTJ in the next subsection. 

2.5. Chen's iterated integrals as a quasi- isomorphism. In this subsection, 

we show that the iterated integral map Tt^' : CHj' (fi, i7) — > J7*(M^) is a quasi- 
isomorphism under suitable connectivity conditions on M, where we set as usual 
r2 = ri*(M). For the proof we will apply a related result by Patras and Thomas 
|PT| . which uses a simplicial description of cochains of . We start with a slight 
generalization of the simplicial cochain model used in [PTj . 

Definition 2.5.1. Let Y, be a simplicial space, and M a compact manifold. 
Denote by C* a cochain functor, such as simplicial cochains, singular cochains, 
or De Rham forms. We define the simplicial chain complex CJ(Af^) by letting 
C'(M^) = (C*(M^'') = 0p>oCf(M^'=),9fc), where dk is the differential on M^" 
induced by C*. The face maps di and degeneracies Si of Y, induce face maps 
Di C'{M'^^) and degeneracies 5, := C'{M'^) on Cl{M^). 

The total complex C{M^)' is defined by C^M^f = ®;,>o C^'+''(M^'=), and 
has the differential D : C{M^Y C{M^Y+^, which on Cp+'=(M^'=) is a sum 
of the differentials {-ifdk : CP+'=(Af^'=) 0'+''+^ {M^-) and ELo(-1)'A : 

The normalized complex AfC(M^)* is defined as the quotient of C{M^)' by the 
subspace generated by the images of the degeneracies Si. It is well-known, that the 
projection C(M^)* MC{M^)' is a quasi-isomorphism of chain complexes, see 
e.g. |MacLj . 

Lemma 2.5.2. Assume that Y ~ |y,| is n- dimensional, i.e. the highest degree of 
any non- degenerate simplex is n, and assume that M is n-connected. Then any 
two cochain functors C and D* induce quasi-isomorpic complexes C{M^)* and 
V{M^)'. 

Proof. It is enough to show that MC{M^)' and M'D{M^ )' are quasi-isomorphic. 
ForA/'C(M^)*, we define the filtration by simplicial degree Fc*^ = 0o<,<j. A/'C*(M^')- 
The term for this filtration is computed as the reduced homology ©j,>o H* {M^'' ) . 
Using the assumptions on the connectivity of Af, it is easy to see that the i?^ page 
is first quadrant, and thus the filtration converges to the homology H{AfC{M^ )'). 
Similar arguments give a spectral sequence converging to the homology H {MT>{M^ )') . 
Now any natural equivalence J- : C* V* induces a map of spectral sequences, 
which is an isomorphism on the level. Since any two cochain models C* and D' 
can be connected by a sequence of natural equivalences, the claim follows. □ 

Proposition 2.5.3. Under the assumption from Lemma \2.5.'A the iterated integral 
map It^' : CH^' ri*(Af^) = C"(Af^) is a quasi-isomorphism. 

Proof First, notice, that It^' : CH^' {fl, Q) Vl'{M^) factors through Vl{M^Y = 
e,>of^'(A/^'=) via 
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where Z is the natural quasi-isomorphism obtained as the wedge of the puUbacks 
of the j/fe + 1 = Wk projections M^" Af , ev : x A'' ^ M^^ is the map in 
(|2.4p . and denotes integration along the fiber. An argument similar to Lemma 
12.5.21 shows, that Z induces a quasi-isomorphism Ci/^*(ri,il) Vl{M^)' . 

Denote by S' the singular cochain functor, and denote by /[A''] : S'{M^ x 
A*^) — > S'{M^) the slant product with the fundamental cycle of A*^. Consider the 
diagram, 

SiM^y -^S'{M^ X A'=) ^^5*(M^) 

which commutes after taking homology. Since SI* and iS* are naturally equivalent, 
and using Lemma I2.5.2i we see furthermore that the vertical maps are isomor- 
phisms on homology. Recalling from |PT|, Corollary 2], that the bottom line is 
a quasi-isomorphism, we conclude that the iterated integral also induces a quasi- 
isomorphism, which is the claim of the Proposition. □ 

Remark 2.5.4. An alternative proof of the above Proposition may be obtained by 
following the ideas of Getzler Jones Petrack |GJP|, Theorem 3.1], via induction on 
the simplicial skeletal degree (cf. |GJl p. 8]). 

Let A* — Hom{A, k) be the (graded) dual of A. If we denote the graded dual 
of CH'^'iA,A) by CH'^{A,A*) := nfc>o(^* ® (^*)^^''), then we also have the 
following dual statement to Proposition 12.5.31 

Corollary 2.5.5. Under the assumptions from Lemma \2.5.'A we have a quasi- 
isomorphism {It^')* : C,{Map{Y,M)) CH^^{n,VL*). 

Remark 2.5.6. In the above discussion, we did not include the Chen space Chen{M^), 
which, by definition, is given by the image of the iterated integral map Chen{M^) = 
Im(It^' : CH^'{n,n) n*lM^)) C fi'(M^). Chen showed in the case of the 
circle Y, = Sl {cf. [C2]), that Chen{M^ ) is in fact quasi-isomorphic to Vl'{M^) by 
showing that its kernel Ker{Xt^') is acyclic. In the case of a general simplicial set 
y,, this task turns out to become quite more elaborate, as the kernel Ker{Xt^' ) con- 
tains many non-trivial combinatorial restrictions, coming from the combinatorics 
induced by Y,. 

Let us illustrate this by the example of a simplicial graph G, , having v vertices 
and e edges as its only non-degenerate simplicies. Combining the models for the 
interval and the point as in Example 12.3.41 we may assume that #Gfe = v -\- e ■ k. 
Then for given functions /i, ...,/„, gi, : M — > M, which we associate to the 
vertices and edges of G,, we can define a degree element x € CH^^{Q,il,) = 
n'»^^n®^[l], by setting 

X = /i ® • • • ® /, ® doRigi ® ■ • ■ ® g.) e ® 

where djjji is the De Rham differential. A computation then shows that x G 
Ker{It'^') exactly when for every vertex w of G,, the product of the functions 
on the incoming edges g^i^ , ■ ■ • , ft^™ at w is equal to the product of the functions 
on the outgoing edges Qji^ , . . . , at w up to a constant Cw , and these constants 
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multiply to 1, 

Vw; : jfc = c„ • ]J gjk , and ]^ = 1. 

k k w 

The conclusion is, that the explicit identification of the kernel Ker{Tt^') for a 
general simplicial set Y,, as well as the proof of its acyclicity, require considerably 
more effort. However, we conjecture that the kernel is acyclic. 

3. String topology product for surfaces mapping spaces 

Beside the cup product on the cohomology of the mapping space, there is also 
a "string topology" type product on the homology of certain mapping spaces. We 
now demonstrate how this string topology product may be modeled via the gener- 
alized Hochschild cohomology. In particular, we look at the case of surfaces of 
various genus g. The string topology product for this is then expressed as a map 

3.1. A Hochschild model for the surface of genus g. We start by giving a 
Hochschild model of the mapping space Map{T,^, M) from the surface of genus g 
to a 2-connected, compact, and oriented manifold M. 

Recall, that the surface of genus g >1 can be represented as a 4gi-gon, where 
the boundary is identified via the word 

ai&ia2&2 • • • o.gbga~^b~^ . . . a2^b2^a^^b^^ . 

We choose a subdivision of this polygon, which will fit with the string topology 
product. For this, we use a subdivision into g^ squares, and further subdivide the 
off diagonal squares further into two triangles, so that e.g. in the case 5 = 3 we 
obtain 



bT' b^' 




(3-1) 62 «3 63 

Each of the diagonal squares are represented via the simplical model of the square 
J^, with |/^| = A:^+4fc + 4. On the other hand, for square build out of two triangles, 
we glue two squares along an edge and collapse the opposite sides to a point. 
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This is a model, which has in simphcial degree k exactly 2k^ + 5/s + 4 elements. 
Gluing all these squares together by identifying the corresponding edges and iden- 
tifying all vertices, we obtain a simplicial model (S^), for the surface of genus g, 
with 

(3.2) #(S]3), = (2.g2 -g)-k^ + {3g^ - g) . k + 1 + {g - 1)' . 

We denote = - 1. 

Notation 3.1.1. We write T, = I^j ~ for the simplicial model of a triangle 
obtained as a quotient of a square where a side is collapsed to a point. 

For genus g = 0, we use the simplicial model (S'^), — of the sphere introduced 
in Example l2.3.3l If AI is a 2-connected, compact, oriented manifold, then Proposi- 
tion[2X3land Corollary [2X5] imply that : CHi^'^' C'{M^') and 

(Xi^^')')* : CiM^") CH'^g^ {n,Q*) induce isomorphisms on (co)homology. 

The reason for studying this particular model of a surface of genus g is that it 
comes with a simplicial description of pinching maps. Pinching maps are obtained 
by collapsing to a point a circle, which contains the basepoint, on a surface S" 
yielding a wedge V (for any decomposition n = g + h). 




This is realized on our simplicial model as follows. For n ^ g + h, we can consider 
4 different regions in the model for , namely we can consider the top left square 
build out of g^-squares (labelled ai, 6i, 02, ■ • • on the left and b^^ , Q]~^, • ■ ■ on the 
top), the lower right square build out of /i^-squares (labelled •■• ,ag+h,bg+h on 
the bottom and a~^f^, b~lg.. on the right), and the the two off diagonals rectangles 
denoted Ri,, Rt- Note that all squares in the off diagonals regions Rb, Rt are 
subdivided into triangles. Let 

(3.3) Pinchgj, : -> V 

be the map defined by identifying all the points in all triangles in i?^, Rt which 
belongs to a same parallel to the hypothenuse of the triangle (that is the edge 
parallel to the one which has been collapsed in the model). In other words, Pinchg^/j 
collapses along the anti-diagonal the off diagonal regions Rt to the boundary of 
the top left and bottom right square. For instance Pinch2,i : ^ VE^ is given 
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by the diagram 



bi 







6- 






' y //y 
'/y//y 






'y/yy 

' ^ ^ / y 
y y y , 


/ / / ^ 
' ^ / /a. 


'/ / / , 

/ y y , 




b2 


as 


63 



^3 ^ collapse 



61 













b^' 












bs 


0.1 


b2 
as 





where all elements in the same dashed line are identified, i.e. collapsed to the same 
point. 

Lemma 3.1.2. The map Pinchg^;,, : S^^'* ^ V S^' is simplicial. 

Proof. The map Pinchg is obtained by wedging along an edge or a vertex maps 
such as the identity id : ^ , id : T, ^ T, and collapse T, pt, of a triangle 
onto a point or collapse T, = /. of a triangle onto one edge (which has not 

been identified to a point). Now it follows from Example 12.3.41 and Lemma [2.3.51 
that Pinchg^ft is a map of (pointed) simplicial sets. □ 

Remark 3.1.3. It is crucial to use the simplicial model described in Lemma [3.1.2l 

For instance, if one uses a model where the off diagonal squares are not subdivided, 
the Lemma 13.1.21 above is no longer true. 

The following Lemma is a straightforward. 

Lemma 3.1.4. The simplicial pinching map is associative, i.e. the following dia- 
gram is commutative 

Pinch„ I >, fc 



Pinchg 



S2 V 2^+*^ 



id„k VPinchh^fc 



Pinchg J, Vjdj,fc 



S2 V V Ei' 



3.2. The "string topology" product for surfaces. In this section, we recall 
the "string topology" type operation adapted for surfaces, and then apply this to 
the model for the surface mapping space given in the previous subsection. We 
start by recalling this operation, which was originally given for the mapping space 
of a circle by Moira Chas and Dennis Sullivan in [CS , see also the description of 
the Cohen- Jones map generalized to surfaces as given in |CV[ Section 5.2] for the 
fc- sphere. 

In this section, we use the model (= |E2|) for a (compact oriented) surface 
of genus g introduced in Section [3T] with its basepoint {*}. 

Denote by Map{T,^,M) the space of (continuous, non pointed) maps from a 
surface E^ to the manifold M, which we assume to be compact and oriented. 
For two such surfaces E^ and E'*, denote by E^ V E'' their wedge product, i.e. 
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their disjoint union modulo the identification of the two bascpoints. The space 
Map{Yi^ V Y,^,M) denotes the corresponding mapping space from S9 V T/" to M. 
Then there are induced maps 



Afap(S9, M) X Map{Y!', M) ^ Map(Y.s V S'*, M) Map{j:3+'\ M), 



where pin is given by including to the first and second component in V S''. 
For surfaces with positive genus, Pout is induced by the pinching map Pinchg : 
■£g+h Y,9 \/ j^h gjygj^ ^i^f, geometric realization of the simplicial map ()3.3p 
Pinchg,,, : V Si,'. If 5 = 0, another model for E'' is given by gluing 4 

squares 



ai 



(3.4) 



ah bh 



where the buUeted edges are collapsed to a point and the other boundary edges 
are identified with the word aibia2b2 ■ ■ ■ a-hbhO-h^b^^ . . . a2^b2^ai^b^^ as for the 
model (IXTjl . The pinching map Pincho,/i : S'' ^ E° V E'' = E" V E'" is given by 



(3.5) 

b^'a^\.. 



• 






• • 




• 


ai 
bi 






: collapse 

a-h' 


• 

bi 





• ■■■ ah bh ■■■ah bh 
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where all elements in the same dashed line are identified, i.e. collapsed to the same 

point. There is a similar pinching map Pincho /i : S'* — > E'' V S*^ given by 

(3.6) 



ai 
bi 



ai 
bi 



collapse 







• • ■ ah bh 
• 





■ ■ ■ ah bh • • 

By collapsing all boundary edges to a point in the model (|3.4p and in definition 
of the map Pincho. /j (|3.5p yields the usual pinching map Pincho, o : S° S'^ V S*^ 
for the dimension 2 sphere S"^ ^ Yf' . The pinching maps Pincho,,, Pinch,, o above 
induce pout when one of the surfaces has genus zero. 

Note that the map pi„ is given as a puUback of diagrams 

Map{lia V H^, M) Map{Y,9^ M) x Map(E'', M) 



diagonal 



M X M 



In particular, pi„ is an embedding of infinite dimensional manifolds with finite 
codimension equal to the dimension of M, codim{pin) = dim{M) and the associated 
normal bundle is of dimension dim{M) and oriented (since M is). Thus, if we denote 
by Map(Sf VS'', M)"™ the Thom space of this embedding, there is a Thom class 
in i/"(Map(Ef V S'', Af)"'^^^) inducing the Thom isomorphism 

t : H,{Map{Y3 V E'', Af )-^^0 ^ i?.-m(A^ap(E9 V E'', M)), 

where m — dim{M). Together with the Thom collapse map r : Adap{Y.3,M) x 
Map{E'', M) Map{Y.3 V E'', AT)"^*"^, we obtain the following Umkehr map, 

(p„), : H,{Map{Y.a^M)) ® H,{Map{Yl', M)) 

= H,{Map{T,<',M) X Map{T,''\M)) 



-TM\ 



if,_™(Afa]9(E9 VE'\Af)). 



Definition 3.2.1. With this, we define the product tbi :— (pout)* ° {pin)\, 
l±) : H,{Map{Y.\M)) ® H,{Map{T.'\ M)) 

H,{Map{j:s V E'\ A/)) H,{Map{Y.<'+^,M)) 
that we call the surface product. 

We denote IH,(Afap(E9, M)) the shifted homology groups H,+di-,n(M) iMap{T,9, M)). 
This shifting makes the surface product a degree zero map. 
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Theorem 3.2.2. Let M be a compact oriented manifold. Then the surface product 
W : H.(Map(i;f,M)) (8)H.(Map(I]'',M)) M,{Map{T.3+f' , M)) is associative. 

Proof. It is well-known that Pincho.o : ^ I]° V I]° is homotopy associative. 

From there and Lemma [3X2] it follows that {pout)* ■ H,{Map{Y.a V S'', M)) *''^'* 
H,{Map{'E^~^''' , M)) is associative. Now the Theorem follows from natm-ality prop- 
erty of Umkehr maps: {pouf )*°iPin)\ = (/Oin)! o(pout)» as in the usual string topology 
case (see jCJ. .BGNXj for details) . □ 



Remark 3.2.3. Note that the surface product gives a structure of associative 
graded (with respect to the genus) algebra with unit (see Proposition 13. 2. 5|) to 

H.( IJ Map(l]f,M)) = 0H.(Map(S»,M)). 

9>0 3>0 

There is an obvious embedding ig of M into Map{Yj^ , M) as constant functions. 
Thus, for any g > 0, the fundamental class of M yields a class 

[M]g = igi[M]) e Ho(A/ap(S9,M)). 



Also note that for genus zero, E° = 5^, the surface product restricts to a product 
H.(Map(EO,M)) ® H.(Map(EO, M)) ^ H.(Map(S]", M)). This product is the 
usual (dimension 2) Brane Topology product: 

Proposition 3.2.4. The restriction of the surface product (see Definition \3.2.1\) to 
M,{Map{Y.^,M)) coincides with the Brane topology product M,{Map{S^ , M))^^ 
Il,{Map{S'^ , M)) see [Hi ICVj . In particular it is graded commutative with [M]q as 
a unit. 

Proof. The Brane Topology product (for dimension 2-spheres) as defined in [CV[ 
Section 5] is induced by a structure of algebra over the homology H,{€ac) of the 
(2-dimensional) cactus operad €ac on IHI,(Map(E'', M)). By definition, an element 
c e £ac(2) is a map c : 5^ — > 5*^ V S*^. Thus it induces a map Ptn{c) : Map{S'^ V 
S'^M) Map{S'^,M). The Brane Topology product [CVl Section 5.2] is then 
given by the composition pout ° ipinic))\ for any cactus c G £ac(2). The result 
follows by choosing c — Pincho,o. □ 



By Theorem [3X21 m,{Map{Y,9 , M)) inherits a left H.(Map(I]", M))-module 
structure m,{Map{J:° , M)) lI.(Afap(ES, Af )) ^ H.(A-fap(i;9, A//)) as well as a 
right module structure. 

Proposition 3.2.5. E[,(Afap(S9, M)) is a (graded) symmetric M,{M ap{TP , M))- 
himodule, i.e. for any x G ]HI,(Map(Ef , M)), y G U,{Map{YP ,M)), one has 

[Af]oWa; = a; and a; tt) y = (-l)'^'''"^'?/ W a;. 
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Proof. Note that there is a commutative diagram of puUbacks 




M ■ ^ M X M 

aiagonat 



where q is induced by the inclusion ^ 5^ VS^ and is induced by S'^VE^ E^, 
which collapses the component to a point. Since [M]o — it follows that 

iPtn)'{[M]o X x) = i^{{ev,idy{[M] x x)) = and the identity [Af]o W a; = a; 

follows, since Pinchp g o is homotopic to the identity. 

It remains to show that Pincho,g and Pinchg^o are homotopic maps E^ — > E*^ V 
E^. For each t £ [0,1], there is a parametrisation of E^ obtained by attaching 
standard squares and rectangles and identifying some boundary components as in 
the following figure: 



a ^1 fli 



ai 
bi 







• 




s 




• 




St 













(3.7) ■■■ bg ' 



More precisely, the big central square S in figure p.7p is a standard square [0, 1]^ 
while the small central square St has edges of length t (thus St = [0,*]^). The 
edges labelled by a^s, bjS and their inverses are identified just in the usual model 
for E9, see Figures and The edges a and /3 are of length {l-t)/2. The 

two buUeted edges are identified to the base point and the (top right and bottom 
left) buUeted rectangles are entirely collapsed to the base point as well. Overall, 
the parametrisation pictured by figure p.7p is a square [0, 2]^ with edges of length 
2 with some boundary elements identified and two sub-rectangles identified to the 
base point. 

We now define a pinching map Pinch{t, — ) from E^ to E° V E^. Similar to the 
pinching maps Pincho.g and Pinchg^o, Pinch{t, —) is obtained by collapsing some 
elements in the above parametrisation (|3.7p of E^ to the base point, as shown in 
the following picture: 
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(3 

ai 
hi 



Pin chi t,-) 

collapse 




Here all elements in the same dashed line get identified by the pinching map 
Pinch{t, —), i.e. they get collapsed to the same point, and all buUeted rectan- 
gles and egdes get collapsed to a point. 

Note that Pinch{l, -) = Pinchg^o- Thus the map Pinch{-, -) : [0, 1] x ^ 
YP V is an homotopy between Pinchg o and Pinch{0, — ) which is the collapse 
map given by the following figure : 



f3 




1 1 1 1 
1 1 1 1 
1 1 1 1 
1 1 1 1 


• 






• b^^a^K.. 




Ol 

bi 








7-1 fi,ich(Q,-) 

g — ^ 
-1 collapse 

"-g 


• 

ai 
bi 




• 




• 


1 1 1 1 
1 1 1 1 








•■• ag bg 








1 1 1 1 
1 1 1 1 
















••• (^g bg 













There is a similar homotopy Pinch{-, -) : [0, 1] xS^ ^ E^VE^ with Pinch{0, -) = 

Pinch{0, —) and Pinch(l, —) = Pincho^g, which is obtained by taking a parametri- 
sation similar to p.7p but with the small center square above and on the left of the 
big center square, i.e, a parametrisation "symmetric" to p.7p with respect to the 

anti-diagonal. The composition of the homotopies Pinch{—,~) and Pinch{~,—) 



yields the desired homotopy between Pinchg^g and Pinchg^o- 



□ 



Remark 3.2.6. Note that the surface product is not (graded) commutative in 
general. For instance if M — S'^, the 3-dimensional sphere, then the center of 
(0g>oH.(A/ap(E9, S^)), W) is H.(Afap(E", S^)), see Example Sm 

For any genus g > 0-surface, there is a map TTg : ^ E" = 5*^ obtained by col- 
lapsing all edges ai, 6i, . . . of the 4g-gon to a point. By puUback it yields a map tt^ : 
Map{S^,M) ^ Map{T,3,M). Hence, a linear morphism tt? : H,{Map{S^ , M)) 
H,{Map{Y,3,M)). 
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Proposition 3.2.7. Let M he a compact oriented manifold. Then, for g > and 
h>0, 

i) the map ni ■.M,{Map{S^, M)) ~> H.(Map(Es, M)) is anM,iMapiS^, M))- 
module morphism and satisfies 

<{x)^ii'i{y)^^l+'\x^v)- 

ii) 7rf(a;) = x W [M]g for any x G M.,{M ap{S'^ , M)). 

Proof. From the definitions of Pinclig,/i for g,h ^ (See Lemma 13.1.21 and tlie 
arrows p.Sp and p.6|) we easily get that the two maps (tt^ V tth) ° Pinchg^/i and 
Pincho,o ° (■"'g+Zi) are homotopic and further that three maps (tt^ V id) o Pinchg.o, 
(ic?V7rg)oPincho.g and Pincho.oo (^g) are homotopic to each other. Now the claim i) 
follows from the naturality of Umkehr maps: 

where (ttS V tt'")' : Map{YP V TP,M) -> Map{Y.s V I]'',M) is the natural map 
induced by tt^ V tt/, : V S'' ^ E" V 1]°. 

By i) and Proposition 13.2.51 it is sufficient to prove claim ii) for x — [M]q the 
unit of M,{Map{S'^,M)). That is to prove that 7r^([M]o) = [M]g which follows 
since tt^ o jq = ig where ig : M '—^ Afap(E^, M) is the canonical embedding of M 
as constant maps. □ 

Example 3.2.8. By Proposition 13.2.71 apphed to the unit [M]o, we get, for any 
5,/i>0 

[M]g W [M]h = 7r9([M]o) W7r^([Af]o) = tt^^Mq) = [M]g+h. 
In particular, [M]g and [M]^ commute. 

3.3. Surface Hochschild cup product. In this section we give an analogue of the 
surface product defined in higher Hochschild cohomology over surfaces. Similarly 
to the Hochschild homology over a simplicial set, there are Hochschild cochain 
complexes associated to any pointed simplicial set Y, (see [G]) defined as follows. 
Let [A, d) be a differential graded commutative algebra and (M, d) an ^-module 
viewed as a symmetric bimodule. We define 

Ci/^, {A, M) := Honik ( A^^- , Af 

fe>0 

where the upper index n — fc is the total degree of a map A^'^'' ^ A. A map 
of pointed sets 7 : Yfe ^ Y; and a linear map / : A'^^' M, yields a map 
ry*f : A'»y>' M given, for oi • • • (g) Oy, £ by 

7*/(ai (g> ■ ■ ■ (g> OyJ ^ ±bo ■ fih ^■■■(E>byJ 

where bj>i = Y[i^f'^{j) '^i and bo — Y[o^i£f-^{o) '^i- The sign ± is the total Koszul 
sign obtained as the sum of (—1)1^1 1 2^1 whenever y moves across x as in Defini- 
tion [TIIll Note that CHy^{A, M) is thus a cosimplicial vector space, with cosim- 
plicial structure induced by the boundaries di and degeneracies Sj of Y, . The differ- 
ential on CH^^ {A, M) is given, for / : A^y" M, by the sum D{f) = (-l)'=rf/+5/, 
where df : A^^'' — > M is given, for oi (g) ■ • ■ Oy^^ G A'^^' , by 

Vk 

df{ai ^ ■ ■ ■ ^ OyJ ^ d{f{ai ® • • • ® a^J) + ^ ±/(ai (g • • • (g) d{ai) g) • • • ® a^J 

1=1 
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and bf : A®y''+^ M is given, for ai (g) • • • ® Uy^^^ G A'^y>'+\ by 

fc+i 

6/(ai ® • • • a^,+J = ^(-l)Xd*/)(ai «> • • • ® ay,+J. 

Again the ± sign is the Koszul sign as in Definition l2.1.2l 

As for homology, the cosimphcial identities imply = 0. We call CHy^ {A, M) 
the Hochschild cochain complex for Y, of A with value in M. We denote HHy {A, M) 

f 

its cohomology groups. Let X, ^ Y, be a niorphism of pointed simplicial sets. 
Then, for any fc, we have a map fk ■ Xk — > Yk, thus a map : Hom{A®y'^ , M) 
HoTn{A'^'^'' , M). Since, / is simplicial, the map combines to give a cochain 
complex morphism /* : {CH^^{A, M), D) {CH^^{A, M), D) . The following 
Lemma follows from ^ [G] : 

Lemma 3.3.1. The higher Hochschild cochain complex CHy (A, M) is covariant 
in M , contravariant with respect to A and Y, and preserves homology equivalences, 
namely, if f : A A' , g : M M' are quasi- isomorphisms and 7 : X, — > Y, in- 
duces an isomorphism in homology , then f*, g^ and 7* are all quasi- isomorphisms. 



3.3.1. The cup product. We now define a cup product 

U : HH^, {A, B) ® HH^n [A, B) HH^,+h {A, B) 

for the Hochschild cohomology over surfaces, where i? is a differential graded and 
unital commutative A-algebra, viewed as a symmetric bimodule. We are particu- 
larly interested in the case B = A. Henceforth, we use the simplicial model of 
a surface of Section 13.11 

We first consider the case g,h > 1. Since CH^g {A, B) is a cosimphcial complex, 
the tensor product CH^g(A,B) CH^^(A,B) is bicosimplicial and we have the 
Alexander- Whitney quasi-isomorphisms 

CH^g {A, B) ® CH'n [A, B) ^ CH^g [A, B) ® CH^ [A, B) 

where the right hand side is equipped with the diagonal cosimphcial structure. 
Recall that the Alexander- Whitney map is explicitly given by AW — AW*^^^ iSiAW^^) 

where is the map [i] [i + 1] ■ ■ ■ [i + j] (in the category A see 

Definition [2XI]) and AW(^2) is the map [j] ^ [1 + j] ^ ■ ■ ■ ^ [i + j]. 

Let / (g) g be in Ci/'g {A, B) ® CH^^ {A, B), then we define the "wedge" / V g £ 
CH'^g^^^^ [A, B) of / and g by the formula 

where • in the right hand side is the multiplication in the algebra B. 

In SectionEHlwe defined the pinching map Pinchg,/, : (S^ V E'*). E^^'' 
which is a map of pointed simplicial sets. Composing the pinching map with the 
wedge and Alexander- Whitney maps, we make the following definition. 
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Definition 3.3.2. For g,h>l, the cup-product is the composition 



U : CF*a {A, B) ® CH^^ {A, B) 

^ 3 

AW 



CH^9^^ (A, B) ® C7?*,^ {A, B) 

y Pinch* ^ 

~^ ^-^(S9vs''),+j(^'-^) ^' CH^g+h{A,B) 



i+j 



Proposition 3.3.3. Let B be a (differential graded) commutative A-algebra. The 
cup product U : CH^g {A, B) ® CH^,^ (A, B) — > CiJ'g+h {A, B) is a map of cochain 
complexes and is associative. 



Proof. It is straightforward to check that the wedge map [f , g) ^ f \/ g \s a. mor- 
phism of simphcial modules. Since Pinchg /j is a simplicial morphism and AW a 
map of chain complexes, U is a map of cochain complexes. Now the result follows 
from Lemma [3. 1.21 and the associativity of B. □ 



We now turn to the genus zero case. Similarly to Sect ion [3T2l there is a HH^q [A, B)- 
module structure on @g^^HH^g{A,B). However the module structure is a lit- 
tle bit more subtle since the standard model for the sphere is slightly different 
from the other genus models (we still assume that B is an A-algebra). Note that 
CHya(A,B) = CHa2(A, B) with simplicial structure described in Example 12.3.31 

Thus, CHIJA,B) = {/ : B}. Let / e CH%JA,B) and g £ CH%JA,B). 

Of. Op Og 

Then we define / U 5 £ CH'^ [A, B) by the formula 

p+g 

(3.8) f\Jg{{x,j)) = ±/((x,j)jj<p) • g((a;jj)p+i<,j) • J| x,^j ■ J| 

i>p+l 

j <p j >p+ \ 

where {xij) stands for a tensor xi^i ® ■ ■ ■ (i) Xp+q,p+q. It is straightforward to check 
that {CH'2{A, B),\J, D) is a differential graded associative algebra. In fact. 

Proposition 3.3.4 ([G] Proposition 3.2 and Remark 1). The cup-product makes 
HH*2 {A, B) a graded commutative algebra. 

We now define the cup-product U : Ci/'o (A, B) ® CH^g (A, B) -> CH^g (A, B). 
Later on, using the edgewise subdivision we will give another model for the cup- 
product in Section 13.3.21 (see Definition I3.3.13P which will alow us to define equiv- 
alent cup-products for Hochschild cohomology over different simplicial models for 
the surfaces. 

Definition 3.3.5. Let / G CH^o{A,B) and g £ CH^g{A,B), i.e. f : A®*^' ^ B 
and g : A^'^i B, where af = #I]f - 1. We wih define fUg£ CH'g {A, B) 

k-\-l 

and gU f £ CH'g (A, B). The idea is to use the Alexander- Whitney diagonal in 
a slightly different way. Applying AW(2) '■ ['] [k + l] from above induces a map 
^k+i ^ simplicial model described in (|3.ip . which is given by collapsing 
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certain elements in S£ , 




In particular, all the elements of coordinates {i,j)i,j=i...k in the top left square of 

^k+i ^re collapsed to the bascpoint in . 

Let a be a homogeneous element in A®'^'=+', and denote by aoj, ajo, ai,j = 
1 . . .k + I) the (k + l)'^ + 2{k + I) tensor factors of a corresponding to the top left 
square in the simplicial model Then, in particular, the elements (ay),; j=i...fc 

get multiplied to the basepoint under the induced AVF(2), but there are also other 
elements, whose product we denote by JJc. Then, we may express AW^2)i9){(^) ^ 

^W^(2)(5)(a) = ±( n i^^j))■9ib)■]lc, 

ijj=l...k 

where b, c are certain (products of) subtensors of a G A'^'^'k+i ^ determined by the 
mapping AW^r2). With this notation, we define f L) g G CH'g {A, B) by 

fc+i 

/ U 5 (a) = ±/((ay )ij=i...fc) • g{b) ■ c. 

Similarly, ^14^(1) : [k] [k + 1] induces a map — > S^, which on the Hochschild 
cochain level may be expressed as 

AWl,^{g){a)=±g{h').{ H (4)) -11^'' 

ij = fc+l...fe+/ 

where a^ j (i, j = 1 . . . A; + /) are the tensor factors of a corresponding to the lower 
right square of and h',c' are determined by AW^(i) similarly to the above. 

Define 5 U / e Cil'^^^ {A, B) by 

g U / (a) = ±g{b') ■ f{{a'^^)^,,=k+i...k+i) X{c' 

Example 3.3.6. Assume the genus is 1, and g € CH^i{A, B). We denote by 

' 2 % 

(ttjj) ij = o...i e CiJ. '■+'( A, i?) a generic element, ie. ao,o®- • -i^a;,; e A®^' +2(+i)_ 
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Then, for any / e CH^o {A, B), one has 

fe 

fUg{a,j) = ±/((aij)ij=i...fc) • g{{hj) r,j = k...k + i ) - W^Qi ■ q^q 

ij i=l 

where b^^ = aoj • • -Ukj, 6i,fc = a^^o ■ ■ ■ ai^k and b^j for i,j > fc, and co,i = 



Remark 3.3.7. For g — 0, Definition 13.3.51 coincides with formula ((37 

Definition 13 . 3.51 induces a right and a left action of CH^,, {A, B) on CH^g {A, B). 

Lemma 3.3.8. The cup product makes CH^g {A, B) a differential graded CH^o {A, B)- 
bimodule. 

Proof. It follows from the associativity of A, the fact that B is an A-algebra and 
formula (|3.8p that the cup-product makes CH^g {A, B) a unital associative algebra 
with unit 1b S i? = Cif£o(^, B) which is bigraded with respect to both simplicial 
degree and internal degree (of A and B). Further, for / S CHg^iA, B) and g G 
CiJ;2(v4,B), note that 

q 

U5((a-*j)) = ±/((aij)»j<p) • H "-^'i 

i, j < p + 1 
2 or j — p + 1 



i > p + 2 i < p+ 1 
J <p+l j >p + 2 

= -/urfS(ff)(K,))- 

since the total degree \d*^i{f)\ = 1 + |/|. Hence 

p 9+1 

6(/)Ug+(-l)l/l/Ufe(.g) = ^«/)+d;+i(/)Ug + /UdS(.g)+5] /UK*.9) = b{fUg). 

i=0 1=1 

It follows that CH^o {A, B) is a differential graded unital associative algebra. Sim- 
ilarly, one proves D[f U g) = D{f ) (J g ± f U D{g). 

Now, for any / € CH'a S), 5 e CH^o {A, B), and h e CH^^ {A, B), we may 
use Definition 13.3.51 and the fact that AW(^2) ■ M + P + is equal to the 

AW^2) AW(2) 

composition [r] I'' + g] ^ u + P + Qli to see that 

{{fUg)Uh){a) = ±{fUg){{a,j)^,j=i...p+g)-h{b)-l[c 

= f{{0'lj)i,] = l...p) ■ g{{aij)l,j=p+l...p+q) ■ 

n ■ n aij-^(^)-n^ 

= (/U(ffU/i))(a) 

This is exactly the left module identity. Similarly, the right module identity is 
obtained by using the equality of : [r] [r + p + q] with the composition 

[r] [f +P\ ~^ l?" + P + 9] I whereas the compatibility of left and right module 
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structure is obtained via the equality of [r\ [r + p\ [r + p + q\ and 

[r J ^ [r + gj ^ [r + p + gj . □ 

This bimodule structure is not symmetric at the chain level but as we will discuss 
it will induce a symmetric bimodule structure after passing to homology. 

3.3.2. Subdivision. We now give another description of the bimodule structure of 
CH^g {A, B), by means of the edgewise subdivision. Recall the notations of Defini- 
tion l2.1.n The edgewise subdivision [ BHMllMcC] is an endofunctor of the simplicial 
category A which associates, to any simplicial set X,, a simplicial set sd2{X,) whose 
realization is homeomorphic to the one of X,. One of its main properties is that 
the realization of the edgewise subdivision |s(i2(AJ^)| of the standard n-simplex A" 
is a triangulation of by 2" standard simplexes. The functor sd2 : A ^ A is 
defined by sd2{[n — 1]) = [2n — 1], and, for any map, / : [n — 1] — > [to — 1], by 
sd2{f) : [2n — 1] ^ [2to — 1], sd2{f ) : i + nj ^ f{i) + mj where ^ i ^ n — 1 and 
j G {0, 1}, see [BHMj . The edgewise subdivision sd2(X,) of a simplicial set X, is 
the composition X, o sd2- 

There is a natural homeomorphism D : \sd2{X,)\ ^ jX, |(see [BHMl Lemma 
1.1]) induced by the maps A"^^ x X2n-i A^"^^ x X2n-i defined by {u,x) ^ 
{{u/2 © u/2),x) where u — (uq, • . ■ , Un-i) € M" is such that uq + ■ ■ • + Un-i = 1. 
In |McC| Definition 3.3] a natural chain map I',(2) : C{X,) — + C{sd2{X,)) is 
defined, where C{Y,) is the chain complex associated to a simplicial set Y,. More 
precisely, for any x £ Xn, 

(3.9) V,i2)ix)= (-ir^.(£(.,r,))(^) 

(cr,jj)e5(2,n) 

where 5(2, n) is the set 

5(2, 7i) = {{a, 7?) e 5„ X HoniAiin - 1], [1]) | a{i) > G{i + 1) ^ ^{^ - 1) < r]{i)} 
and £(a,r]) ■ [2?^ + 1] ^ [n] is defined by 

(3-10) ({j}) = Mj - 1) • (n + 1) + a(j), . . . , • (n + 1) + + 1) - 1}. 

McCarthy [McCi Proposition 3.4 and Corollary 3.7] proved that V,{2) IS a quasi- 
isomorphism realizing in homology and passes to normalized chain complexes. 

The following Lemma is straightforward. 

Lemma 3.3.9. With the same notation as in Definition \2.1.5[ one has a natural 
isomorphism sd2{X, Uz. Y,) = sd2{X,) Usd^iz.) sd2{Y,). 

Example 3.3.10. Recall from Examples 12.3.11 and 12 . 3 . 41 the pointed simplicial sets 
Sl, pt, and /, for the circle, point and interval. Then sd2{S\) = {0,...,2n + 
1}, sd2{ptn) = {0} and sd2{In) — {0, . . . , 2n + 2} and it is easy to see that 
M) = B(M, A, A) ®A BiA, A, A) where B{M, A, N) is the two sided 
bar construction and the tensor product uses the right (resp. left) A-module struc- 
ture on B{M,A,N) (resp. B{A,A,A)). In fact, sd2{I,) = I, Upt, /,. Further 

sd2iSl) = Sd2(/.) U 

sd2{pt,) sd2{pt,) where the two endpoints and 2n + 2 of 
sd2{In) — {0, 2n + 2} get collapsed. In particular the Hochschild chain complex is 
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(^^Jd2(si) (^^^ j^j-^ = M® ®A® with differential 

2n+l 

D{ao (8) • • • ig) a„ (g) a„+i ® a„+2 ■ • ■ ® a2n+i) = ^ ±ao (81 • ■ • ® d(ai) ® ■ • ■ (8) a2„+i 

n-1 

+ (iao®- ■ •(8)(ai-ai+i)8)- • ■®a2„+i±ao® • ■ •(8)(a„+i+i-a„+i+2)® • ■ ■(8)a2„+i) 
± (a2n+i • ao) 8) fli ® • • • (g) a2„ ± ao (8 • • • (8 (a„ • a„+i) (g) a„+2 ® • • • ® 0211+1. 

Similarly, the edgewise subdivision sd2{l'^) of a square is canonically identified with 
the wedge 



of four standard squares I^. 

Using Section [33] and Lemma [3.3.9[ we obtain that sd2(S2) is a wedge of Ag^ 
squares and 4(7(5 ^ 1) triangles (where a model for a triangle is given by a square 
with an edge collapsed to a point). For instance, for a surface of genus 3, we obtain 
the following model 

bi 
a'2 

0.2 

(3.11) 6^ h2 d-i 03 h'^ 63 




3.3.3. Cwp product via subdivision. The reason for introducing the edgewise sub- 
divison is that, for any positive genus surface , there is a pinching map Po,g ■ 
sd2(S2) E2 V E2, which is a simphcial. The map Po,3 : sd2i^l) ^ V is 
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given by the following picture: 
(3.12) 



a-i 



hi 



0-2 





MM 
1 1 1 1 
1 1 1 1 


%4 


r /// \\V^ 

'V • X 








• 


1 1 1 1 
1 1 1 1 
Mil 


'V* X 


nil 
1 1 1 1 
1 1 1 1 








• 


1 1 1 1 
1 1 1 1 
1 1 1 1 








62 03 63 



62 



as 



Here, the buUeted squares and triangles are all collapsed to a point, and all elements 
in the same dashed line are identified, i.e. they are collapsed to the same point. Note 
that all the squares above the diagonal that are obtained by gluing two triangles, 
are collapsed by Po,3 in the same way. Similarly, all squares below the diagonal 
that are obtained by gluing two triangles are collapsed by Po,3 in the same way, 
which is symmetric (with respect to the diagonal) to the one above the diagonal. 

For general 5 > 0, the map Po.g '■ si^^V) ^ S° V is defined similarly, using 
the same identifications for the diagonal squares and ofi-diagonal squares as for 
-Po,3- 

Lemma 3.3.11. Po.g '■ sd2(S2) -^YP \l Y?, is a map of pointed simplicial sets. 



Proof. As in the proof of Lemma 13.1.21 this follows from the fact that Po,g is 
obtained as a wedge along an edge or a vertex of collapse maps T, — > pt, of a 
triangle to a point or of a triangle to an edge T, ^ I,. □ 



Remark 3.3.12. The induced map Po,g^ : CH,^ -^\A,M) 

can be seen as follows. Recall from Examples 12.3.21 and 12.3.31 that each square in 
the model for 5^2(^2) contributes to (n + 2)^-tensors in Ci?^''^'^"''(A, M), which 
can be indexed as a (n + 2) x (n + 2)-matrix. Similarly, each triangle contributes 
[n + l)(n + 2) + 1 tensors in CH."''"^^"^ (A, M), which can be indexed as a ® M , 
where M is an (n + 2) x (n + l)-matrix. By construction, 5^2 (S^) is obtained by 
gluing subdivided squares sd2{ll) and triangles sd2{T,) = sd2{I,)/ ^ along edges 

and vertices. Then Po,g^ : CHf^^^"\A,M) C Hf""^^" {A, M) is the map which 
multiplies together the first n + 1 columns and the first n + 1 rows of the matrix 
corresponding to each subdivided square (except for the top left square) or triangle. 
In other words, it is obtained by applying the (n + l)-th power (do)°" of the face 
map do to each subdivided triangle or square (except for the top left square) in 

5^2 (SfJ. 



We now define a left action of CH^g {A, B) on CH^g {A, B) which we will show 
to be equivalent to the one given in Definition 13.3.51 above. 
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Definition 3.3.13. For 5 > 1, we define a cup-product U as the composition 
U : CH'o {A, B) ® CH^, {A, B) 



CH'o {A,B)®CHU iA,B) 



Proposition 3.3.14. The cup-product : Ci/'o {A, B)®CH^, {A, B) CH^, {A, B) 
is a cochain map. Furthermore, if f & CH^q{A,B) and a e CH^g(A,B) are nor- 
malized cochains, then f U a — fOa. 

In particular, Defimtion l3.3.13l and Definition l3 . 3.51 coincide on normalized cochains 
and thus in cohomology. 

Proof. By Lemma l3.3.111 -Po,g* is a morphism of cochain complexes. Since AW, V, 
and X'.(2) are also chain maps, it follows that U is a cochain map, too. 

Now, assume / G CHyo{A, B) and a e CH*g{A,B) are normalized cochains, 

p g 

and set n = p + q. Recall from Definition I2.1.4[ that "normalized" means that 
we divide the Hochschild chains CH^' [A, M) by the degeneracies, and dually we 
take the subcomplex of CHy^ [A, M) vanishing on these degeneracies. In particular 
f{{(iij)i<i.j<p)) — whenever there exists an i such that Uij = aj^i = 1 for all j, 
i.e. if the matrix of the (ajj) has only ones in the i-th column and the z-th row. 
By definition of the edgewise subdivison functor, a cochain in C H*^^^.^g .^{A, B) 

is a linear map ^ b, where crf„+i = #i;f„+i - 1. For any x £ A^^^^+i, 

note that (/Ua)(x) is given by the composition, 

ifOa)ix) = iAW(^i)if)V AW(^2)iaMPo^g), oV,{2)4x)). 

Here, AW^(i)(/) V AW(^2){a) : A®**^"^^')"-! ^ A'^"" ® A^< B is given by 
mapping x' (g, x" G A'^'^" ® A^< to the product AVK(i) (/)(x') • APF(2)(a)(x") in 
B. Furthermore, by formula (Fo,s)* ° V,{2)^{x) G A'^''" (g) A'^< is given by 

a sum of terms indexed by (cr, rj) G 5(2, n), 



{PQ,g)* oV,{2)^{x) = ^ G 



We claim that AW(if (/) V AVF(2) (a) applied to 

^(<y,ri) vanishes for all (cr, 77) except in 

one case {o,ff), where d = idu p+„\ and fj{i) = < ' —P jj-j fg^^-t, Xf^„) — 

I 1, for i > p 

(-Po.g)* o e^g. ,,)(^); where the map ^{a.-q) : A — > A is defined by formula (j3.10p . From 
formulas (|3.9p and (|3.10p we see, that in the case (t(1) 7^ 1 or 7y(l) ^ 0, we need to 
apply a degeneracy (sq)* to x, so that the first row and the first column of the A®"^" 
factor of i((T,,)) are ones, and thus the normalized cochain (/) is applied to a 

generate element, making the term vanishing. Similar arguments apply to a(i) ^ 2 
or r]{i) ^ 0, for i = 2, . . . ,p. For i > p, and cr{i) ^ i or rj{i) ^ 1, we obtain a 
degenerate element in ^^"^9 , vanishing on the v4 14^(2) (a) factor. 
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It is now straightforward to check, that {AWi^i){f)\/ AW(^2)i(^)){{P{o,g))*{i(s.f]))) 
multiphcs the tensor factors of x exactly as in Definition 13.3.51 showing that this is 
equal to (/ U g){x). □ 

In order to give a similar right action of Ci?*o [A, B) on CH^g (A, B), we define 

a pinching map Pg,o : 5^2(^2) ^ V E^. The'map Pg^o : 5^2(2^) ^ E^ V is 

given by the following picture: 

(3.13) 

b[-' a[-' fe'r' 




Again, the buUeted squares and triangles are all collapsed to a point, and all ele- 
ments in the same dashed line are identified, i.e. they are collapsed to the same 
point. Note that all the squares above the diagonal that are obtained by gluing 
two triangles are collapsed by P^fi in the same way. And similarly all the squares 
below the diagonal that are obtained by gluing two triangles are collapsed by P3.0 
in the same way, which is symmetric (with respect to the diagonal) to the one of 
the above the diagonal. 

For general g > 0, the map Pg^Q : sd2{T.i) ^ E^ V E^ is defined similarly, using 
the same identifications for the diagonal squares and off-diagonal squares as for 
Psfi. Note that the identifications on the squares describing Pg Q are symmetric to 
those describing Po.g- 

Definition 3.3.15. For g > 1, we define a right action by as the composition 
U : CH^g {A, B) ® CH'o {A, B) 

1- 3 

CH^g^^ {A, B) ® CiJ'o^ {A, B) 

C'i/'j.gyJ.O).^^. {A, B) 

CH:,^^^.,){A,B) ^-l'^* CH'^g {A,B). 
An argument similar to the one of Proposition 13.3.141 shows that 

Proposition 3.3.16. The cup-product : CH^ {A, B)®CH^o {A, B) CH^ {A, B) 
is a cochain map. Furthermore, if f € CH^o{A,B) and a £ CH^g{A, B) are nor- 
malized cochains, then aU f — aOf . 

In particular, Definition l3. 3.151 and Definition l3 . 3.51 coincide on normalized cochains 
and therefore also in cohomology. 
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3.3.4. Properties of the cup product. The cup product is not symmetric on cochains. 
However, for B = A, and passing to cohomology, we obtain 

Proposition 3.3.17. HH^g{A,A) is a (graded) symmetric H H^o{ A, A) ^ HH^2{A,A)- 
bimodule. 

Proof. By Lemma [3.3.81 and Proposition 13.3.41 we only need to prove that / U a = 
a U / e HH^,{A,A) for any / e HH^o{A,A) and a e HH^,{A,A). We are 
going to use an argument similar to the one from Proposition 13.2.51 To do so, we 
use the Hochschild cochain complexes CH* A) of A over the simplicial set 

S,(\Y,^\) (see Definitions [SIO and ETH) . The natural map ?? : S^' ^ 
induces the cochain map 

V* ■■ CHl^^^,^^{A,A) ^ CH^4A,A) 

which is a quasi-isomorphism by Lemma 13.3.11 Similarly the natural inclusion 

S'.(|I]i'|)V5'.(!E2|) ^ S'.(|Ei^|V|I]2|) induced by the canonical maps ^ E^VE'' 
and E'' ^ V E'' yields a quasi-isomorphism 

C'ff*.(|SJ|v|E2|)("^' ~^ ^'^*.(|SJ|)VS.(|E2|)("^' "^)- 

We define the map fioM ■ -f^-f^'.(|so|)(^' ^)'^^-^'.(|s"|)(^' ^) ^ ^^s.(\s'^\)^^' 
to be the composition 



HoM ■■ HH'^^^^o^-^{A,A) A) iJiJ'^(|j.o|vis;i)(^'^) 

(i*)^^ Pincho 

where the wedge map V and Alexander- Whitney map AW are defined as in Defini- 
tion [23^ and Pinchoji is the map (|3.5p defined in Section [^Tj Similarly we define 
the map ^ih,o : HH'^f^^^,^^^{A, A) ^ HH'^f^^^o^.^{A, A) -> HH'^f^^^^^^{A, A) as the 
composition 



VoAW 



Hhfi : HH'^^^^h^-^{A,A) iSi HH'^(^^^oi-){A,A) — > ^-ffs.(|sj|v|s2|)(^' ^) 

Since rj : X, — > S',(|X, |) is the natural map which sends any element x G Xn to the 

map r](x) : A" llieN ^ "'^i ^ l"''^! (^'^'^ Definition 12.2. ip . there is a natural 
factorization 



x.yY. 



■S.{\X,\)W S.{\Y,\) 



S,{\X, 



v|n|) 
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and furthermore the following diagrams are commutative 

\Pom\' 



'^'^s.(|s2l)vs.(|si|)("^' 



■ ^-^*.(|s2|v|si|)(^' ^) 



V 



CH\ 



(A A) 



S.(|SJ|)("^'^) 



(E"VS'').(^'^) 

yoAW 



'.(|s2l)vs.(|sj|)(^' ^) 



J)*®?;' 



(sf'vs''). 



Now it follows from Proposition 13.3.141 and the fact that \Pfi,h\ ° D ^ : S'' ^ 
V S'' is homotopic to PinchQ ^ that, for any / G HH' ^^■^o^~^{A, A) and a G 

^^S.(|S''|)(^' ^) ^'^^ 

(3.14) 77*(/)Urf(a)=7]*(Aio,h(/,a)) inffff'j(AA). 

In other words, is a map of left modules. Similarly, using Proposition l3.3.TBl and 
the Pinching map Ph.o p.l3p instead of Po^h, one proves that 

(3.15) ri*{a)Uri*{f)=fi*{ph.fliaJ)) mHH^,{A,A). 

Thus r] is also a map of right modules and it is sufficient to prove that /io,/i = fJ-h.o 
which easily follows from the fact that Pincho^/i and Pinch/i_o are homotopic as in 
Proposition 13 . 2 . 5l □ 

We can now state the main result of this section. 

Theorem 3.3.18. Let {A^cIa) be a differential graded commutative algebra. 

i) The cup product f Definition \3. 3. ^1 and\3^37^ makes ©g>o -ff-ff's {A, A) into 
an associative algebra which is bigraded with respect to the total degree grad- 
ing and the genus of the surfaces. Furthermore, ®g>o -ff-ff's (A^ A) is unital 
with unit being the cohomology class [Ia] G P[P[^a{A, A) ^ H'^(A,dA). 

ii) HH^o{A,A) lies in the center of Q H H^^ {A, B) . 

Note that, by construction, Q^^^ HH^g{A, B) is also graded with respect to 
the cosimplicial degree and thus is in fact trigraded. 

Proof, i) By Proposition 13.3.31 and Lemma 13.3.81 we are left to prove that for any 
a, /3 G iJiJ* >o(A, A) and / G HH'„ (A, A) one has 

(3.16) «U(/3U/) = (aU/3)U/, 

(3.17) (/Ua)U/3 ^ /u(aU/3) and 

(3.18) (aU/)U/3 = aU(/U/3). 

It is straightforward to check that the two first identities p.l7p and (|3.16p hold al- 
ready for cochains. It follows from Proposition l3 . 3 . 1 Tl and identities (|3.16p and (|3.17[) 
that 

(a U /) U /3 = (/ U a) U /3 = / U (a U /3) = (a U /3) U / = a U (/ U /?) 
hence identity p.l8p holds. 
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According to its definition, the cup-product is graded with respect to the cosim- 
plicial degree, total degree and genus degree on cochains, and hence in cohomology. 
Let a e CH^q{A,A) = A. Then for any a G CH^g{A,A) (with g,n > 0), one 

has a U a = a ■ a (where • is the multiphcation in A). Similarly a U a = a ■ a. In 
particular, [1^] is a unit for the cup-product and statement i) follows. 

ii) is an obvious corollary of Proposition 13.3.171 □ 

Remark 3.3.19. Neither Theorem 13.3.181 (i) nor part (ii) hold at the cochain 
complex level: 0„>q CH^g {A, B) is not associative. In fact for any / e CH'o , 

(3 S CH'g^i, 7 g CH'h^i , a straightforward inspection shows that 

(/3U/)U7^±/3U(/U7), and/5U/^±/U/3. 

Also note that Theorem 13.3.181 (i) can be proved by an argument similar to the 
one of Proposition 13. 3. r7[ namely by using the homotopy associativity of the maps 
Pinch/i.o and Pincho,^ and the singular model CH' ^^^g^-^{A, A) for the Hochschild 
cohomology modeled on a surface of genus g. 

The cup product is natural and homotopy invariant. 

Proposition 3.3.20. Let B be a commutative A-algebra. 

• IfB —^B'isa quasi-isomorphism of A- algebras, then /, : ®g>o HH^g (A, B) 
^g^^HH^g^A, B') is an isomorphism of algebras. 

• If A' ^ A is a quasi-isomorphism of algebras, theng^ : ©g>o HH^'j{A, B) 
^g^f^ HH^g{A' , B) is an isomorphism of algebras. 

Proof. This follows from Lemma 13.3.11 □ 

Since quasi-isomorphic differential graded commutative algebras are connected 
by a zigzag of quasi-isomorphism of algebras. Proposition 13.3.^ has an immediate 
Corollary. 

Corollary 3.3.21. Let A and A' be quasi-isomorphic differential graded commu- 
tative algebras. Then ^^^^ HH^g{A, A) and ^^^^ HH^g{A' , A') are naturally 
isomorphic as algebras. 

There is a (pointed) simplicial map tt^ : ^ obtained by collapsing all 
but the top left square in the simplicial model (see picture (13. ip ) to a point. 
Note that in particular it collapses the boundary of this top left square to a 
point. Similarly to the topological situation f Proposition 13.2.7]) . this yields a map 

HH^o{A,B) HH^g{A,B). 

Proposition 3.3.22. Let B be a commutative A-algebra. Then 

• The map (tt^)* is an H H^,, {A, B) -module morphism. 

• If B is unital, then {■Ki)*{a) — a\J [Ib]^ where [Isjg G IIH^g{A,B) is the 
class of 1b . 

Proof Let a £ CH'o (A, B) and (3 e CH'o {A, B) and x S be a homoge- 

P 9 

neous element, where a^^^^ = #E^_,_^ - 1. We can write x = ( 0i.j<p+g Oi.i) 8) y, 
where the the tensor factors of x corresponding to the top left square 
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of ^p+q- Furthermore, y can be written as a tensor y — yi <S> ■ ■ ■ ^ ys^^ where 
Sp+g = — (p + q)^- Formula (|3.8p and Definition 13.3.51 imply that 

«)*(aU/?)(a;) - (aU/3)((a,,,),,,^i...p+,). 

fc=i 

p+g 

= '^{i'^i,j)i,j<p) ' P{{0'i,j)i,j>p+l) W 0.i,p+j ' ^J+p.i ' J/fe 

i < p fe=l 

= aU(7r.s)*(/3)(a;). 

Note that Is G CH^g {A, B) has cosimplicial degree 0. Since AT/F(2) : [p] [0] is the 
unique map to {0}, we get from Definition 13.3.51 that for any a; = ( '^ij ) ® 2/ £ 

i,3<P 

A'^'^i , one has 

a U [lB]g{x) = a{{at,j)i,j<p) ■W_yk = {'^l)*{oi U Ib){x). 

k=l 

□ 

Remark 3.3.23. Note that there is a simplicial inclusion inc, : pt, and pro- 

jection proj, : S2 — > pt, between the point and the surface, with proj,oinc, — idpt, . 

Since B = CHp^ [A, B) , we see that B becomes a subcomplex of CH^g {A, B) with 
a natural splitting induced by inc, and proj,. Thus, H'(B) is a direct summand 
of HH°g{A,B). 

Remark 3.3.24. Let M be a differential graded A-modulc. Since the pinching 
maps are pointed, one can extend Definition 13.3.21 Definition I3.3.5( the results of 
Theorem l3.3.18l and Proposition l3.3.20l to give to ®g>o HH^a {A, M) the structure 
of a ®g>o HH^9 (A, ^)-bimodule, which is natural and homotopy invariant. 

3.4. Topological identification of the cup product. Let AI be a simply con- 
nected compact manifold and denote fl = il'M its de Rham cochain algebra and 
n* = Homln,k) its dual. By Theorem[3X2l (H.(Map(I]*, A/)), l±)) is an associa- 
tive bigraded algebra. So is {HH^,{Q,il),lj) by Theorem 13.3.181 In this section, 
we show that, similarly to the situation in string topology [CJ[ IFTV2[ IFTj . the 
algebraic and topological constructions coincide. First notice that 

Lemma 3.4.1. There are natural "Poincare duality" isomorphisms 

V : HH'^f"^'-'''^ (n, n*) ^ HH^g (17, Q), V : Huf' {n, n) ^ i/i/fjdim(Af) 

which are functorial with respect to smooth oriented maps between manifolds of the 
same dimension. 

Proof. The lemma follows since the natural map / :f2-^57*,aji— > J uj A — is a 
bimodule quasi-isoniorphisni. □ 

Using Section 12.21 we have the Chen iterated integral morphisms (Xt^')* : 
H,{Map{Yi^ ,M)) HH^g which is an isomorphism if M is 2-connected, 
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see Corollary 12.5.51 Composing the iterated integral map with Poincare duality 

from Lemma l3.4.H yields a linear map 

(3.19) 

9>0 g>0 3>0 

that we call the dualized iterated integral. 

Theorem 3.4.2. Let M he a 2-connected compact manifold. The dualized iter- 
ated integral Jt^' : (0g>o M.(Map(I]f , M)), W) ^ {Qg^^ HH^^{n,n),U) is an 
isomorphism of algebras. 

The proof of Theorem 13.4.21 is given in Section [331 below. 

Corollary 3.4.3. Let M, N he 2-connected compact manifolds with equal dimen- 
sions, and let i : M —>■ N he a homotopy equivalence. Then 

: (0H.(Map(I]^M)),w) ^ ( H.(Map(I]^ TV)), w) 

3>0 g>0 

is an isomorphism of algebras. 

In particular, the surface product is homotopy invariant for 2-connected mani- 
folds. 

Remark 3.4.4. The evaluation map : Afap(E^,M) M has a section i^ : 
M Map{Yi^,M) given by the constant surfaces at a point. It follows that 
H,{Map{Yi^ , M)) contains M as a direct summand. It is easy to check that this di- 
rect summand coincides with the summand iJ*(Ci/'j^ (fi, i7)) from Remark 13.3.231 
under the isomorphism It^ . In particular, Tt^ ([Isi]) = [A/]o and it follows from 
Proposition 13.2.71 and Proposition 13.3.221 that TTg coincides with tt^ under the du- 
alized iterated integral map. 

3.5. Proof of Theorem 13.4.21 We follow an idea of Felix-Thomas [FT| . using 
rational homotopy theory techniques. To do so, we need to consider dual analogues 
of the surface product and cup product. 

The construction of the surface product is easily dualized. Similarly to Sec- 
tion[321 the embedding p,„ : Map{T.3 V E^,M) -> Map{j:s,M) x MapiYJ^.M) of 
codimension dim{M) induces an Umkehr map in cohomology 

(/9„0' : H'{Map{T.3 V YI'.M) -^H'+'^{Map{T.<' ,M) ® MapiYl' ,M)) 

^ {H'{Map{Y.\M))®H,{Map{Y.'',M))y^"', 

dual to {pin)\. Thus, for k = g + h, we can define a linear map 

ggM . *'"W(Map(E'^',Af)) ^ H'{Map{Y.<^,M))®H'{Map{T.^,M)) 

as the composition 

^g,h . ij— 'i™W(Map(I]''',M)) ff— *"(^^)(Map(I]9 V Y.^,M)) 

(ftn)- ^.(^,/ap(S^M)) ® H'{Map{Y'\M)). 

Lemma 3.5.1. The surface product tt) : LI,{Map{Y.9 , M)) (g) H,{Map{Y.'\ M)) 
i?,_dj„(jVf)(Map(E'^, M)) is the dual of the map 5^'^. 
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We now want to dualize the Hochschild cup product for surfaces. Since M is a 
Poincare duality space, by the main result of [LS| . there exists a differential graded 
commutative algebra {A, d), weakly equivalent to (17*M, ddR), which is simply con- 
nected, finite dimensional and is equipped with a trace ^"^^C^^) -i. R such that: 

• the pairings (g) yl'i^CA^)-^ _> yi<i™(M) _^ ^ g^^.^ degenerate (where 
the first map is the multiplication in A); 

• eo d = 0; 

• the induced pairing on cohomology (• , ■) : H'{A) ® ^ ^ 
coincides with the Poincare duality pairing of H'{^l'M) = H'{M) through 
the weak-equivalence between A and f2. 

It follows that the map a i— > (a, •) is a linear isomorphism of symmetric A-bimodules 
S : A* ^ {^j\*Y-d-im{M) furthermore the composition 

(3.20) ^J.■. A* (gA*-'"^'' A®A^ A^ A* 

is a degree -f dim(M) graded commutative and associative multiplication on (A*, d*). 
Note that ^ is a model for the umkchr map H,{M) ® H,{M) ^ H,{M x M) 

H,+dim(M){M) of the diagonal M — > M x M. By Proposition 13.3.201 there is a 
natural isomorphism of algebras 

The map fi from (j3.20p has the composition 

(3.21) V : A A* A* A* A 

as a dual map. Clearly, V is a model for the umkehr map (M) "^^^ 

7f*(M X M) ^ H*{M) H'{M). Since S : A ^ A* is an isomorphism of A- 
bimodules (of degree -dim(M)), : HH^,{A,A) iJiJ*;''""^*^^(A, yl*) is an 
isomorphism, hence there is a duality isomorphism 

(3.22) e : i7i7't*""^*^^(A, A) ^ HH^,{A,A*) ^ {HHF'iA^A))*. 

Further, since A is commutative, the multiplication A ® A ^ A makes A an 
A® A-vaoAnle and, since S an isomorphism of A-bimodules, the map V : A ^ A® A 
above (|3.2ip is a map oi A® A-modules. For any fc S A, V induces a linear map 

(3.23) 

V : C^ifi+2™(M) A) ^ (A, A ® ^) - (A, A)®Cfff ' (A, ^) 

where the last isomorphism follows as in Example 12.3.41 and V* is the result of 
applying V to the sole module in the Hochschild complex (not the algebra). 

Lemma 3.5.2. The map V : Ci?'^'^^")' (A, A) ^ CHf'(A,A) x ChT'{A,A), 

where the right hand side is the tensor product equipped with the diagonal simplicial 
structure (cf. Definition \2.4-l\ l, is a morphism of the underlying chain complexes. 

Proof. Note that that there is a canonical identification CH, ' {A, A) x CH, ' {A, A) = 
CHi^'^^'^^'{A,A) and furthermore that CH^*'{A,A) and CHi^'^^^*^' {A, A) are 
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the constant simplicial algebras A and A(S)A respectively, see Exaniple l2.3.4l Hence 
it follows from Lemma [2 . 1 . 61 that V is the composition 

CHi^"'^''>'{A,A)^A ^ "^^'^-(A^) 

A(g)A 



V ^ id 



iA(E)A) (g) Ch!.''"'''''^^-{A,A) 



A^A 



ChY' (A, A) X ChT' (A, A). 



Since V is a map of A A-modules, the result follows. □ 

3.5.1. Positive genus surfaces. We first consider the case of surfaces of positive 
genus. 

Since A is the dual (through the duality isomorphism S) of the multiplication 
A® A A, we deduce from Lemma r3.5.2l and the definition ()3.22p of G the following 
Lemma. 

Lemma 3.5.3. For g, h > 0, the duality isomorphism (given by p.22p ) identifies 
the cup product HH^g {A, A)®HH^h {A, A) —> HH^g+h {A, A) with the composition 

^ H, {ChT' {A, A) X ChT' {A, A)) 

^ HHf' {A, A) ® HHf' {A, A) 

By [P], there is a natural weak equivalence CH^ (A, A) = CH^ {fl,n) (for 
any genus g). Since CHt'{A,A) is a semi-free model (see [FHTj Section 7]) of 
A as an A-bimodule, and Xt^^ : CH, C*{M^^) is a quasi-isomorphism 

fProposition l2.5.3p . it follows that CHf {A, A) is a cochain model for Map{Y.9,M). 

Proposition 3.5.4. If g,h > 0, then the map A^^'' ; iJiJ^^^^']^^^^^(A, A) 

HH,' {A, A) HH,' (A, A) (defined in Lemma [gXg)) is a cochain model for the 
map 63''' : 7J*-*'"(^^)(Map(E'=, M)) ^ H*{Map{Y.a ,M)) ® H*{Map{Y,'' ,M)). 

Proof. The Alexander- Whitney map of simplicial modules and Kiinneth formula 
yield an isomorphism H, {CHf' {A, A) x Cijf * {A, A)) ^ HUf' (A, A)®HhT' {A, A) . 
Since CHf [A, A), CH^ {A, A) are models for Map{J:'\ M)) and Map{Y.'\ M), we 
are left to prove that the maps (Pinchg and V in Lemma |3 . 5 . 31 are respectively 
cochain models of (pout)* and {pin)' . Thus, the result follows from Lemma 13.5.61 
and Lemma [3 . 5 . 71 below. □ 

The next Lemma gives a model for the evaluation map ev : Map{^3, M) M . 
There is a canonical quasi-isomorphism of differential graded algebras (A, d^) = 
{CHl^''{A,A),dA) ^ {CHf'{A,A),D), see Example [2X2 By composition with 
the unique pointed map pt, ^ it yields the map e : (A, dA) {CH, ' (A, A),D) 
which is a map of differential graded algebras and thus a map of yl-modules. Clearly 

Y^g 

the action of A on CH, ' {A, A) is by multiplication on the module tensor of the 
Hochschild complex. 
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Lemma 3.5.5. The map e : A CH, '{A,A) (for any g) is a semi-free model 
(see jFHTi ) for the evaluation map. The same holds with V S'* in place of S^. 

Proof. It is immediate that CH, ' {A, A) is A-semi-free (since A is free over M) and 
that e is A-hnear. Then, by functoriahty of the iterated Chen integral, we have a 
commutative diagram 



H'{A) = HHf'{A,A) 
(pt.'-ss).) 



HHf'iA,A)' 



It"*' 



H*{M) 



HHf' {n, n) H' (Map(E9, M)) 



and the result follows. The argument for V S is the same. 



□ 



We now need the following fact from rational homotopy theory |FHT1 Section 
7] : given a puUback diagram 



XxzY- 



Y 



X 



Z 



where p : Y Z is a fibration, Az a cochain algebra model for Z and Bx , By two 
Az-semi free models for X, Y, then a model for the (homotopy) puUback X Xz Y 
is given by the pushout Ax ^y- Furthermore, if j : Az Bx is a (A^-linear) 
model for j : X ^ Y, then j (^Az idsY '■ By ^ Az ®Az By — > Ax ®Az is a 
model ioY i : X ^Y . 

Lemma 3.5.6. For g,h > 0, the following diagram is commutative: 



HhT' {A, A) 



(Pinchg^ft), 



Hm 



(sfvs'*). 



{A, A) 



(Po„t) 



H'{Map{^s+h^ 1^ H*(Map{T.3 V E'', M)) 

Proof. Since the pinching map Pinchg is simplicial and Hochschild homology over 
simplicial sets is a covariant functor on the algebras and on the simplicial sets, it is 
sufficient to prove the result with fl'M in place of A. Now the result follows from the 
functoriahty of the iterated Chen integral Jt^' : HH^'{n'M,n*M) C'{M^) 
with respect to Y . □ 

Lemma 3.5.7. for any g,h,V: CH^I^Sm) ^) 



Cfff • (A, A) X ChT' {A, A) 



is a semi-free model for the Umkehr map (p„)' : iJ'-''™(*f)(Map(Ef V Af)) 
H' {Map{T,^ , M) X Map(E'',M)) i.e. the following diagram commutes 



(S'VS"). . , 



jj,-dim(M) {^Map{Y.s V S'', M)) 



H, (Cnf' {A, A) X CHf' {A, A)) 



H*{Map{lia,M) x Map{YJ^,M)) 
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Proof. We can assume that M is equipped with a Riemannian metric and the map- 
ping spaces Map(I]^,M) (g > 0) are equipped with a Frcchet manifold structure. 
We have a cartesian square of fibrations 



Map(E9 VS'',M) 



■ Map(Sf , M) X Map{i:^,M) 



diagonal 



M X M 



where the evaluation maps on the right are furthermore submersions. A tubular 
neighborhood Tub{M) C M x M of the diagonal of M can be identified to the nor- 
mal bundle of the diagonal. The puUback (ev x ev)^^ {Tub{M)) by the submersion 
ev X ev : Map{Y.s,M) x Map{Y/^, M) -> M x M can be identified with a tubular 
neighborhood Tuh{Map{Yj^ V S'', M)) of pi„ and thus with a normal bundle of pm- 
The corresponding Thom spaces M~-^^ and Map{Y.^ V E'*,M)^-^^^ are obtained 
by collapsing all the complements of the tubular neighbor hhood to a point. They 
are disk bundles over, respectively M, and Map{Yj^ V E'\M). Hence, we have a 
diagram of puUback squares 



Map(Ef,M) X Map{^^,M) 



collapse 



-TM 



Map{T.3 V S'',M) 



M X M- 



collapse 



M 



where the vertical arrows are fibrations. In particular, the Thom class of pin is 
the puUback {ev x ev*){th{M)) e H''^'^^^\Map{E9 V T/'.M)-^^'') of the Thom 
class th{M) e H'^"n{M)i^j^~TM^ M X M. Since the Gysin map (p,„)' is 

the composition (collapse)* o (— n ev* {th{M))) o tt*, it follows from Lemma [3.5.51 
and the discussion above, that the Gysin map (pm)' can be modeled by the tensor 
product 



d (g) id 

A0A 



A ® (Ci/.^* {A, A) ® CH^' (A, A)) ^ CH!. 

A® A 



XAA) 



Cnf' (A, A) ® CHf- {A, A) 



where the A (g) A-bimodule structure on A is given by the multiplication and d : 
A ^ A^ A is a. model for the Gysin morphism. Since E : A ^ A* is a model for 
the Poincare duality isomorphism, we can choose the composition \7 = d where V 
is defined in □ 



For the case of positive genus, Theorem l3.4.2l follows from Lemma [3.5.3l Lemma l3.5.1l 
and Proposition 13.5.41 

3.5.2. Genus zero surfaces. Now, if one of the surfaces has genus zero, we need to 
modify the previous arguments. First we need to define the dual of the cup product 
HH^o (A, A) ® HH^, {A, A) HH^, {A, A). 

We denote by aoo ^ {aij)ij=i...k an homogeneous element in CH, '' {A, A) = 
^®(fc"-Hi) ^ There is also a decomposition CTjf ^ (A, A) ^ ®Bf (A) where 

j^0{k +2k+3) g^j.g ^Yie tensors corresponding to the top left square in the simplicial set 
(without the bottom and right open edges, see diagram p.ip ) and B^{A) is the 
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tensor power of other factors. Let {aij)i,j=Q...k be a generic (homogeneous) element 
in A^^^ +2fe+3)^ g^j^j^ ]^g|- j-^^-j j^g element in Bf,{A). Note that there is an obvious 

isomorphism of vector spaces Ch';^"'^^''^'' {A, A) ^ CHf°{A,A) CHf''{A,A) 
where A acts on the module factors A ^ (sq)'' {C H^' {A, A)) of Ci/.^* (A, A), i.e., 
the action is induced by the canonical map A ^ CHl*"' {A, A) CH^' {A, A). 

Let pchp : ChT'°{A,A) CHf''{A,A) ®a Ci/5(A, A), be the map given, for 
(ay) e %) G Bl{A), by 

(3.24) 

i or j>p 

i — 0, j < p 
j — 0, i < p 

where (1) stands for the tensor products 1 1 ■ • ■ . The formula is displayed for 
genus 2 in the following diagram: 



P k 




Definition 3.5.8. Wc define (Pincho,g)* : CH,''{A,A) CH,''{A,A)(^aCH,''{A,A) 

to be the map J2p=Q ^^{i) ®A ^^(2) °pchp- 

Roughly speaking, the morphism (Pincho.g), conists of removing the first ten- 
sors in (aij) and tensoring them with the result of applying the second component 
of the Alexander- Whitney map AWi^2) to CH, '{A, A), where the removed tensors 
have been replaced by Is. 

Lemma 3.5.9. The map (Pincho^g), : Ci/f ^ {A, A) Ci/f^ {A, A)®aC7j5' {A, A) 
is a chain map of complexes. Furthermore, the composition 

A°'^ : A) H'{CHf'{A,A) ^a ChY'{AA)) 

^ H, {Cnf' (A, A) Cnf' {A, A)) 

= HhT' [A, A) ® HhY' (A, A) 

is transfered to the cup product HH^a {A, A) ® HH^, {A, A) ^ HH^, {A, A) by the 
duality isomorphism Q. 

Proof. The compatibility with the differential follows from an argument similar to 
the proofof Lemma 13.3.81 As for Lemma I3.5.3|, the result now follows from the 
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definition of since A is the dual (through the duality isomorphism ^) of the 
multiplication A ® A ^ A. □ 

Lemma 3.5.10. The map (Pincho^g), : Cnf" {A, A) CH^'^ {A, A)®aChT'' {A, A) 
is a cochain model of Map{YP V S^, Af) Map{T,3,M). 

Proof. Consider the following commutative diagram 
(3.25) 




MapiyZi S\M) 




Map{\Jli^S\M) 



where the left vertical arrows are induced by the inclusion into of the boundary 
dY,^ = Vi£i of the 4g-gon defining S^, the map p by projection of a square 
onto identifying the boundary of the square with the boundary of the Ag-gon 
as in diagram 13.41 p is the product of p and the collapsing of dl to a point, c is 
the composition of loops, c is induced by pinching a square (in the middle of each 
edge), and the right vertical arrows are induced by the inclusion of = dl^ into 
P. 

Note, that the top face, front and back face of the cube are puUback diagrams. 
The idea is to find a semi-free model for c, which, by pull back along a model for 

gives rise to a model for Pincho.g that coincides with 



ChT'{A,A) 



(Pincho.g), 



cm 



(S^VS"). 



[A, A). 



Recall from Example 12.3.41 that the point pt has a simplicial model pt, which 
is the constant simplicial set ptk = pt. Then CH,*'' {A, A) ^ A with constant 
simplicial structure. Using the invariance of the Hochschild chain complex under 
quasi-isomorphisms of simplicial sets X, Y, [P , it follows that CH^' {A, A) 
is an A-semi-free model for for any pointed simplicial set X, whose realiza- 
tion is P. The simplicial set is, by definition (|3.ip . defined as a quotient of 
a simplicial set model for P that we denote by {Ig)m. That is {Ig)» is obtained 
by gluing squares, where the off diagonal squares are subdivided into trian- 
gles. The boundary 9(/^), is a simplicial set realizing the circle S^. By Propo- 



sition [2X1 CH^''^'"{A,A) and CT?.' 



'{A, A) are CH^''^'^' {A, A)-semi free 



model of Af^ and ^'^ , respectively, and the inclusion of pointed simplicial 
sets d{Ig), ^ (-^g)" V 5(/g), ^ V {Ig)» induce semi-free models for the 
right vertical maps by functoriality of Hochschild chains. 

Similarly to S|, there is a decomposition CHi^'^" {A, A) ^ ® i3^(A) 

where A®*^'^ -i-2fc-i-3) g^j,g ^j-^g tensor factors corresponding to the top left square in 
E2 (without the bottom and right open edges) and B^{A) is the tensor power of 
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other factors. We write (bs) for an element in B^{A). Clearly, this decomposi- 
tion restricts to CH^'-^'^" {A, A) = A®(2fc+3) ^ §1{A). Let : Cni''^" {A, A) ^ 
CHi''"''^'^''{A,A) be the map given, for (a^) £ A«5(fc'+2fc+3)^ (^^) ^ Bl{A), by 

(3.26) Pc((a^j) (6.)) = ^ ((a»j)«j<p ® (1)) «> (((1) ^ (a^,i)^ or j>p) «> (&.)) • 

where (1) stands for the tensor products 1 eg) 1 ■ • ■ . We also define a linear map 

/9£ : Cfff^^'''(A,^) ^ CH^^'''^^''^''{A,A) by the same formula, but restricted to 

the tensors lying in CH^''''^'' {A, A) ^ (g) B^A). Note that this formula 

is indeed very close to formula (I3.24p and can be described by a similar diagram. 

Since Cifi"** {A, A) 

commutative diagram 



Since CH^*' (A, A) Ci/f '^''* (A, ^) is an A-semi-free quasi-isomorphism, the 



CRP*" {A, A) CH^'- {A, A) 



qis 



(- 1-2-1 Pc T^\/(T'^\ 

cm ''"{A, A) ^CH," ^ ''"{A, A) 



implies that pc is a cochain model for M^^ x m M^^ . Note also that there 

are simplicial morphisms Sl, and dl^ Sl obtained by collapsing all 

edges but the top left one to the basepoint. Recall that CH, '' {A, A) ^ A^ A . A 
straightforward computation shows that the following square 



Ch'.^''^^^ (A, A) ^ A) 



ChT' {A, A) ^ Ch!' [A, A) ®A Ch!' {A, A) 

is commutative, where $ is given by 

p 

$(ao (8) ■ ■ ■ Ofe) = ^(ao (g) ai (g) ■ • • ai) (1 fg) Oi+i (g) • • ■ (8) a^). 

i=0 

Thus, by |FT1 Lemma 2], pc is a cochain model for M^^'^^^ M^^ . Hence, pc and 
Pc give a CH, " * (A, ^)-semi free cochain model for the right face. It follows that 

(3.27) rf'^*(A,A) ®^^au^).^^_^^ CHy'-^''{A,A) 

is a cochain model for Af"^^^^' Af^". Note that, by CoroUarv 12.4.31 there are 
isomorphisms of chain complexes 

CHp'{A,A) ®^,o,q,.^^ ChT^-^''{A,A) - CHf'{A,A), 

CH, " (A, A) 
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CHi'""-'^'^' {A, A) ®^^Biii). ChT^=' ^' {A, A) ^ CH^" {A, A) ®^ Cnf^ (A, A). 

Under these isomorphisms, it is straightforward to check that pc transfers to (Pincho.g)*. 

□ 

3.5.3. End of the proof of Theorem \3.4.2\ For g,h > 0, Proposition 13.5.41 and 
Lemma 13.5.31 Lemma 13.5.11 imply the resuh. If cither g = or h ~ Q, the re- 
sult follows from Lemma I3.5.10[ Lemma I3.5.1[ Lemma 13.5.71 and Lemma 13.5.91 
Lemma [3.5.71 and Lemma [3.5.101 have obvious analogues for the cases g ^ 0, h — 
and g = h = 0, which can be proved similarly. □ 

4. Surface Hochschild (co)homology of symmetric algebras 

In this section we compute the surface product of symmetric algebras and use it 
as a tool for explicit computations. 

4.1. Reduction to Hochschild complexes over a square and a wedge of 
circles. To any topological space X one can associate a Hochschild chain complex 
CH^'^^\a, M) (see Definition [2231) . According to Theorem 2.4], \i f : X, ^ 
y, is a map of (pointed) simplicial sets inducing an isomorphism in homology, then 
the induced map /» : HH^' {A, M) HHY'(A,M) is a quasi-isomorphism. In 
particular, the adjunction map rj : X, —> 5',(|X,|) ^Definition 12.2. Ijl induces, for 
any space X and any simplicial model X, of X (that is \X,\ ^ X) a natural 
quasi-isomorphism 77 : CH^'{A,M) -> CH^'^^\A,M). It follows from this that, 
to any space X, and any differential graded commutative algebra {A, d) and A- 
niodule (M, d), one can associate a natural object CH^ (A, M) := CH^''"^\a, M) 
in the derived category of chain complexes which is functorial in X, A and M. 
Furthermore, Proposition [2A2] implies that, if M — A equipped with its canonical 
A-module structure by multiplication, then CH^ {A, M) is a well-defined object 
in the homotopy category of differential graded commutative algebras (over a field 
of characteristic zero). If X, is a simplicial model for X, then CH^' {A, M) is 
naturally isomorphic to CH^ {A, M) in the derived category of chain complexes, 
respectively in the homotopy category of differential graded commutative algebras 
ii M = A. For details on the rational homotopy theory for commutative differential 
graded algebras and their module, see [FHT) [Q[ [ST] . 

L 

We denote by ® T the derived tensor product of differential graded modules S 
R 

and T over a differential graded algebra R. 

Lemma 4.1.1. Let {A,d) be a differential graded commutative algebra and {M,d) 
an A-module. 

i) There is a natural isomorphism 

(4.1) CH^'{A,M)^CH^'^=^^\a,M) ch^\a,a) 

CHS^ (A,A) 

where the module structures are induced by the inclusion = dP ^ 
and the map — > given by the boundary of the model for S^. 

ii) // furthermore M = A with its canonical A-module structure, then the 
isomorphism (|4.ip is an isomorphism of differential graded commutative 
algebras. 
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Proof. Note that = \/ZiS^ Usi where the maps P and 

are given as in Lemma 14.1. H i). Consider the standard simpUcial model Sl for 
and the induced model for Vi=i (^'^e Definition 12. 1.5p . We consider a model 
(/g), for P obtained by taking the simplicial model for S2 (see Section [Q]) without 
identifying the boundary edges, i.e. {Ig)» consists of g^-squares glued together along 
edges or vertices with the standard simplicial model for the (/-diagonal squares 
and off diagonal squares subdivided into two triangles (with model T,) identified 
along an edge. Then d{Ig), is a simplicial model for and moreover one has an 
isomorphism of simplicial sets S2 = Vi=i *S'iUa(/2)^ (^g)*- Thus, by Corollarv l2.4.31 
there are natural quasi-isomorphisms 

CH^'{A,M) = CH'^''=^^'{A,M) ® Ci7(^')'(A,^) 

Ch'''-'9>'(A,A) 
CH'^'^'s'>'(A,A) 

where the last line follows because CH^^s )* {^A, A) is a free differential graded mod- 
ule over CH^'^^si^' [A, A). Furthermore, if M — A, the above isomorphism is an 
isomorphism of differential graded commutative algebras. Since an homology iso- 
morphism of simplicial sets induces a quasi-isomorphisms of algebras, the result 
follows. □ 

Note that, since P is contractible, given any commutative differential graded 
algebra {A, d) , we have a sequence of quasi-isomorphisms 

(4.2) {A, d) ^ CHI'' {A, A) ^ CHi' {A, A). 

We now want to give a model for computing HH^^ (A, M) when (A, d) = 
{S{V),d) is a free commutative differential graded algebrfi In view of the iso- 

morphism (|4.ip . we first compute {S{V), M). 

4.2. HKR type Theorem for wedges of circles. 

Notation 4.2.1. We denote oi, 6i, . . . , Og, bg the fundamental loops in V?£i {one 
for each of the 25-circles) whose homology classes are the generators of Hi (V?£i ■> ^) 
(and vanish on all but one circle). 

Let sl be the standard simplicial model for the circle (see Example l2.3.ip . Then 
yliiSl = [2H- In particular, CH)!^^='^' {A,M) ^ M (g) (A®")®^''. We write 
m (gj {x{ (gj yiyiZi ' n for an homogeneous tensor m ® x\ (g) yl (g) 'S> ■ ■ ■ 'E> 1/^ in 
Mg){A^^f^'. 

The homology i?.(V-=i S^) can be identified canonically with k® (®f^i k[ai] 
fc[6j]), where [oi], [bj] (of homological degree 1) are the fundamental classes of the 
circle factors ai,bj in the wedge Vi=i 

The linear maps V 3 v 1-^ [ai]v and V 3 v [bi]v uniquely extend to (degree -1) 
derivations < : S{V) ^ S'(i?.(V?=i S^)(x)V) and 4 : S{V) S'(i?.(V?=i S^)(gV) 
(with S'(V^)-module structure given by multiplication on the factor k ® S{V) = 



Note that any differential graded commutative algebra is quasi-isomorphic to a free commu- 
tative differential graded algebra. 
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S'(i/o(V?f 1 S^)® y))- We also extend sj, and si as derivations of ^(i/.lV^f i 5"^) ® 
V) by setting 4(i?i(V»£i S^) (^V) ^0 and 4(i?i(V?f i -5"^) V^) = 0. It follows, 
since s^, si are degree -1 derivations, that (s^)^ = and (s^)^ = 0. Similarly a 
differential d on S'(y) naturally extends to a differential dy on S{H,{\/^^^^ S^)^V) 
by the formula = d^([a» = -si{d{v)) and = 

Let7rV?=i5' : Ci?y'=i ^* (S'(y), M) -> M(g)s(^v)S{H,{\/^^l^S^)(E)V) be the map, 

which for to (g) (a;;^ (g) yf) e Ch)!'=^ '^"(S'(y), M), is given by 



2g 1 ^1 

Pi 



Pl+i?lH hPg+<?g=n i=l 

i / i f i \ i f i W ^ 

■ ' ' ^piH — hPi-i ■ l^al^^pi-i — hp>-i+i/ s^^Xp^., — i^p. jj • a:;pj+...+p.+i • • ■ 

. ^ 1 . . 

' ■ ' ^"'11 77^1 ' ■ ' y\i+---+qi-i {^b{^ql+■■■+q^-l + l) ■ ' ■ ^b{^ql + ■■■+q^))^yql+■■■+q^+l ' " Vn- 

Remark 4.2.2. Iterating the Alexander- Whitney diagonal yields a quasi-isomorphism 
Cijy'=i^*(S'(t/),M) ^M(E)s(v) (C7?f'(S'(y),S'(F)))®''<'''^'' where the right hand 
side is a tensor-product of chain complexes. Then it is easy to check that 7rVi=i ^ 
is the composition 

CHf'='^'{S{V),M) ^ M (CHf'{S{V),S(V)))^"-''>^'' 

siv) 



S(V) S{V) 



where tt : Cfff * (S'(F), S'(F)) ^ ^ 5(1^ © is the usual Hochschild- 



Kostant- Rosenberg map • ■ ■ (g Xn <—>■ — xod{xi) ■ ■ ■ d(x„) (here is the 

module of Kahler differentials) , see [L] . 

There is also a morphism of graded algebra^ 



(4.3) 



eVSi^' : S (^H, (V^') ® ^) ^ Ci/.V'- ^- (5(T/), 5(F)) 



(the algebra structure on CH,=^ '{S{V),S{V)) is given by the shuffle product) 

which maps an element TOg)([a,]w) to m(^{Sij{v)(diy=^-3 e CH:^=^ '{SiV),M) 
(where Sij{v) = 1 if i ^ j and Si^i{v) = v) and maps an element to ([&i]w) to 

TO® i^®6^J{v)y=^■■■3 £ Ci/y'=i^i(5(F),M). In other words, eV'=iS' sends an 

element [ai]v to the elements 1(g)- ■ ■l(E)v(g)l • ■ -(gl £ CH^'=^ '^'{S{V), S{V)) where 
w is the tensor indexed by the circle in the wedge Vi=i with fundamental class 
[ai] (and similarly for \bi\v). Clearly, e^i=^^^ is a morphism of (5(F), d)-algebras. 
Hence, it induces a morphism of (5(i?,(V^£i 5^) ® V), c?^)-modules: 

eV'=iS':(Af S{H,(\J%S^)®V),d'') -^CH'^'^=^^''{S{V),M). 

S{V) 



^(but not of differential graded algebras) 
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Remark 4.2.3. The map eViiLi jg fj^^ composition 
M (g) S{H.{y^^l.S^)(E)V)^ M (g) 5(1^ + 

S{V) SiV) 

M (CHt'{S{V),S{V))f'^^''' ^CHy^-^''{S{V),M) 

S{V) 

where the last map is the iterated Eilenberg-Zilber map and e : S{V + V[l]) = 

n'{S{V)) -> Cnt' iSiV),S{V)) is the classical inverse of the Hochschild-Kostant- 
Rosenberg morphism, namely, the unique algebra morphism defined by v[l] 

1(E) S{V)'^^ = CHt'{S{V),S{V)), see [jQ Section 3]. 

Lemma 4.2.4. Let V be a graded vector space. 

(1) The maps 

2s 

7rV?=i : CHf'=' "^'{SiV), M) M ®s(y) ^(^.( V '^') ® ^) ■ 

i=l 

are quasi-isomorphisms (of algebras if M — S{V)). 

(2) Let {S{V),d) be a differential graded free commutative algebra. The map 

Tiy"=iS" : ChT'=''^'{S{V),M) ^ M®s(y) {S{H,{\Jli^S^) ®V),d) is a 
quasi- isomorphism of differential graded algebras. 

(3) ^V?£iS^o£V£iSi 

Proof. By the same argument as in the proof of Lemma [4 .1.1 [ there are isomorphisms 
of 5'(F)-modules 

ChT'='^'{S{V),M) ~ M ® ChT'{S{V),S{V)) E> ■■■ ® ChT'{S{V),S{V)) 

S{V) S(V) S(V) 

^ M E) CHf'{S{V),S{V)) CHf'{S{V),S{V)). 

S{V) S{V) S(V) 

Thus, according to Remark 14.2.21 the map 7rVi=i'5^ is identified with 
M E) CHf'{S{V),S{V)) ® ••• ® CHf'{S{V),S{V)) 

S{V) S{V) S(V) 

L 

S{V) \ SiV) 

where tt : CHt'{S{V), S{V)) n'{S{V)) ^ S{V © y[l]) is the usual Hochschild- 
Kostant-Rosenberg map • • • x„ 1/nl xod{xi) ■ ■ ■ d{xn). Since tt is a quasi- 
isomorphisms of algebras, (2) and the first part of (1) follows. Since 7rVi=i ^ and 
gViii S g^j.g j^aps of algebras, it is sufficient to prove (3) for elements of the form 
[ai]v, [bj]v for which the result holds trivially. We now prove the last part of the 
claim (1). By construction, eViii is a morphism of algebras. Again, it is sufficient 
to check that eViii takes value in cocycles for elements of the form [ai\v, \bj\v, 
for which the result is straightforward. Thus eVi=i is a chain map and (3) and 
the first part of (1) imply that it this a quasi- isomorphism. □ 
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Remark 4.2.5. There is an obvious generahsation of Lemma [4.2.41 for arbitrary 
wedge Vi=i ■ For instance, there is a natural quasi-isomorphisms 

2 

TrVtiS^ . CHy'=''^'{S{V),S{V)) ^ {S{H,{\/ S^)^V),d'') 

1=1 

of differential graded algebras. All statements and proofs for arbitrary wedges of 
circles are similar to those of even wedges V^=i 9^^ ^-^d left to the reader. 

Let pinch : ^ W be the standard (fc-times iterated) pinching map. By 
Example 13. 3. 10[ the edegewise subdivision sd2{Sl) is the simplicial set sd2{S^) — 
[2n + 1] and it satisfies 

sd^iSl) = (/. U /.) U pt, 

where the wedge /, Upt, /, is with respect to the maps t and s respectively (see 
Example 1 2. 3. 4[) . Identifying the two 0-simplices of sd2{Sl) yields a simplicial map 

pinch, : sd2{Sl) —i- Sl V S}. Explicitly, for any n, one has pinch^{a{n + 1) + i) = 

ain) + iifl<i<n, a = 0, 1 and pinch^{a{n + 1)) = 0. 

Lemma 4.2.6. The following diagram is commutative 

^1 pinch^ ^-1 ^1 

CHS' {A, M) ^ CHt""^ (A, M) ■ 



ol T>.(2) ^j^/qi-, pinch, oiwoi 

CH,' {A, M) ^ CH, ^^'\A,M) ^ CH,' '{A, M) 

Proof. Note that \sd2{Sl\) = (/ V /)/^ where ~ identifies the two (non glued) 

boundary points (0, 1) and (1, 1) of / V /. Then \iii^h,\ : \sd2{Sl\) S'^ V 
is the map identifying all boundary points of each intervall / in (/ V I)/r^. Thus 
pinch : S*^ — s- S*^ V 5^ is the composition 

= \Sl\ ^ \sd2{Sl)\ 15] V Sl\ =S'V S\ 

Now the result follows by naturality of 77 and the fact that 2?, (2) realizes D^^, 
see [McCi Proposition 3.4]. □ 

Let ci,...,Cfc be fundamental loops in S^, i.e. [ci] = [S^] G Hi{S^), and / : 
— » ViLi t)e the map obtained by glueing the paths ci, C2, . . . , in this order. 

The map / induces a map /, : CH^\A,M) ~> ChT'=^'^\a,M) in the derived 
category of chain complexes. We identify S(V ® V[l\) = S{H,{S^) ® V). 

Lemma 4.2.7. Let {S{V),d) be a differential graded free commutative algebra and 
M an {S{V),d) -module. The following diagram is commutative in the derived cat- 
egory (respectively in the homotopy category of CDG algebras if M — S{V)) 



CHt {A, M) ChT^=' (A, M) 



7rV?=l Si 
k 



{S{V ® V[l],d)) -U (M ^® ^ 5(ff.(Vti) ® V),d-) 
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where f is the unique map of S{V)- algebras given, for any v €V, by 

[S'^]v ^ CiV + C2V ■ ■ ■ + CkV. 

Proof. By functoriality and homotopy invariance of rj and of the Hochschild chain 
complex with respect to simphcial sets, there is a natural commutative diagram 



CH^ (A, M) 



■chT^=''^\a, M) 



ci pinch' ,,fc C.1 i=i \ 

CH^ (A, M) ^ Ch)!^=' ^ {A, M) ^ Ch) 



V id 



{A,M) 



where pinch'' : — > ViLi is the {k — l)-timcs iterated pinching map 

pinch ^ idVpmch ^^-l ^ ^1 y ^1 . . . idWpirich \^ 



Since CIlt'iA^M) ^ M (g)A CHf'{A,A), it is sufficient to prove the result for 
M^S{V). 

Note that there is a natural isomorphism (in the derived category) of differential 
graded algebras 

C-JjV tl si ^g^y^^ g^y^^ ^ ^^Sl ^g^y^^ ^^^^^ ^^^^^ _ ^^^^^ ^^Sl ^g^y^^ ^^^^^ 



by Corollary 12.4.31 Hence, by homotopy assocaitivity of pinch, it is sufhcient to 
prove the result for k — 2. 

By Lemma 14.2.61 the result follows once we proved that the following diagram. 
(4.4) ^ 

oi ^'•(S) „^ pinch, oiwoi 

CH,' {S{V), S{V)) ^ CH,^^^'\S{V), S{V)) ^ CH,'^'^' {S{V), S{V)) 



7rV?=l 



{S{V ®V[l],d)) 



{S{H,{\/l,)^V),d- 



is commutative (up to homotopy) . By Lemma 14.2.41 the vertical maps in dia- 
gram ([44]) are quasi- isomorphisms of algebras. Note, that/, : CH^ {S{V),S{V)) 
CHt'^^\S{V),S{V)) is also an algebra morphism, and that S{V(BV[1]) is free. 
Hence it is sufficient to prove that diagram (j4.4p is commutative in simphcial de- 
grees and 1, since the generators (as an algebra) of S'(V^©F[1]) lies in the subspace 

TT{CHt^^ {S{V), S{V))). In simphcial degree 0, all the maps in diagram ()4.4p are 
the identity map. Recall (see formula (|3.9p ) that 



Pi (2) : CHt'{A,A) 9i A'^^ ^: CHf''-^'\A, A) 9^ A®" 
is given by the formula X'i(2)(x ^ y) — J2 {—^Y Sl{ei^a,5)){x u)- By def- 

(o-,5)e5(2,l) 

inition of 5(2,1), a is the identity and 5 G 7?omA([0], [1]). From identity p.lOp 
defining £(cr,5), we get that 'Di{2){x y) = a;®y(8)l(8>l + a;(g)l(8>l(8)?/- Now, the 
commutativity of diagram (|4.4[) easily follows. □ 
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4.3. HKR type Theorem for surfaces. For the sphere S"^ = H'^, there is also 
a Hochschild-Kostant-Rosenberg type theorem. More precisely, given a differential 
graded free commutative algebra {S{V),d) and an (S'(F), c?)-module M, there is a 
natural isomorphism 

(4.5) W^' : HHf(A,M) ^ HjM (g) S(H,(S^) (g)V),d^'). 

SiV) 

Here, the graded commutative algebra S{H,{S^) V) is equipped with the differ- 
ential which is defined as the unique degree 1 derivation satisfying {v) — v 
and d^ (av) ~ Sad{v) where a = [S*^] G H2{S^) is the fundamental class of and 
So- is the unique degre -2 derivation defined by Sa{v) = av and Scr{uw) = 0. Note, 
that S{H,{S^) ®V)'^ S{V ® V[2]). 

Furthermore, if M = SiV), tt^ is an isomorphism of algebras. See [0 E] for 
details. 

For positive genus surfaces, we have the following Hochschild-Kostant-Rosenberg 
type result. We write a = [S^] S 7J2(E^) for the fundamental class of and 
[oi], . . . , [ttg], [bg] for the generators of ifi(S^). The degree -1 derivations 
and 4 on ) V) are defined by sj,(i7>i(Ef ) = = 4(iJ>i(S]f ) V) 

and Sa(w) = [ai]v, s^(w) — [bj]v for any v V and i,j — l...g. Similarly the 
degree -2 derivation is defined by Scr{v) = av and s„{H>i{T,^) ®V) = 0. The 
differential d^ is the unique degree 1 derivation defined by 

(4.6) d^' ([«.]«) = -slidiv)), d^'i[b,]v) = -slidiv)) 

(4.7) d^' («) = d(t;), d^' (a«) = s.(d(^;)) + ^ 4(4(rf(«)))- 

i=l 

Remark 4.3.1. Note, that he differential d^" is based on the coalgebra structure 
of iJ, (S^). That is, if a; e iJ, (E^), then, for any v ^ V, the differential is given 
by d^" (xv) — ^(—1)1^(1)1+1^(2)1 Sa;^jj (sa;^2j (d(u))) where the coproduct is given by 
'-^{^) — S ^(1) -'-(z)) si = id. 

Theorem 4.3.2. Let {S{V),d) be a differential free graded commutative algebra 
and M a differential graded {S{V),d)-module. 

(1) There is a natural isomorphism 

■.H,{M®s(v) 5(i/.(S9)®V^),d^') -^HhT'{S{V),M), 

which is an isomorphism of algebras if M — S{V). 

(2) The following diagram is commutative 

HjM ^ S{H/y S')®V))^MM ^<^S{H,m®V)) ^H,{M j^^^^^ 

S(V) i=i 



Hffy'=i ^ (5(V^), M) ^ HHt'iS{V), M) ^ HH^ {S{V), M) 

where the horizontal maps p and q are the algebra homomorphisms, re- 
spectively induced by the homology maps H,{\/ S^) iS) V ^ i?,(I]^), and 
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H,{I]^) H,{S'^), obtained by the obvious inclusion and surjection of 
spaces. 

To prove Theorem 14.3.21 we want to use the computation in Lemma 14.2.41 and 
apply Lemma [4. 1.11 Hence, we first need a semi-free model of CHI {S{V), S{V)) 
as a CHt{S{V),S{V))-modvle. 

Proof. (a): Note that H,{S^) ~ k[S,] (with |^| = -1) and that the standard 

Hochschild-Kostant-Rosenberg theorem yields a natural isomorphism 

e'^'-.HjM ® S{H,{S^)C?)V)) ^ HH^\S{V),M). 

S{V) 

(b) : Since is contractible, for any (DG commutative) algebra A, there are 
natural isomorphisms HHi^{A,A) = HHi\A,A) = H,{A). Further, the 
canonical map 

CHi^'^'{A,A) Ch!.^'^"{A,A) ^ A^a' ^ A, 
where {Ig)» is the simplicial model for the square described in the proof 
of Lemma 14.1.11 and the right map A^^ ^ A is induced by the map of 
pointed sets {Ig)o ^ {0}, is a quasi-isomorphism of algebras. 

(c) : The algebra morphism (coming from (a) and (b)) 

H,{S{m ® V)) - HHt{S{V),S{V)) ^ HHf-{S{V), S{V)) - H,{S{V)) 

is induced by the unique (differential graded) commutative algebra mor- 
phism S'(fc[^] (g) F) ^ 'S{V) satisfying ^ (g) w i— > 0, 1 (g) v i-^ w for any v €V. 
This follows since the image of ^ (g in CH^'{S{V), S{V)) lies in simplicial 
degree 1. 

By Lemma [4.1.11 Lemma [4.2.41 and (a), (b), and (c) above, there is a natural 
isomorphism 

(4.8) S{H.{\/ S')®V) ® K'\siV))^HHriSiV),M) 

for any {S{k[£] ® F), d)-semifree resolution K^\S{V)) of {S{V),d). Further, if 
{S{V)) is also a resolution as an algebra and M = S{V)^ then the isomor- 
phism (|4.8p is an isomorphism of algebras. We now construct an explicit resolution 
K'\S{V)). 

We first recall a S{V ® F)-semifree resolution of {S{V), d), which we denote by 
K^iSiV)). (Note that S{V®V) CH^'' {S{V), S{V)) and S{V) ^ CHi' (S(V),S(V)) 
are quasi-isomorphisms.) We identify 5'(F® T^[l] © F) = S{k[xo]®k[^]®k[xi])(S)V 
where [xq], [xi] are of degree and [^] is of degree -1. Let s be the unique degree 
-1 derivation of S{V © ^[1] © V) given by s{[xi\v) = [(]v and s{[S]v) = 0. Then, 
by [FHTl Section 15. (c), Example 1], 

K\S{V)) := {S{V © V[l] © V^), d^) 

is an S{V © F)-semifree resolution of {S{V),d) where d^ is the unique degree 1 
derivation defined by d^{[xi\v) — [xi]d{v) and 

(4.9) d'mv) ^ [xo]v [x^]v ~ ^ ^^([xo]«). 
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Hence there is an isomorphism X^(5'(V^)) = {S{V®V[l]®V),d') ^ CH'' {S{V), S{V)) 
in the homotopy category of commutative differential graded algebras and a com- 
mutative diagram 



CHP''{SiV),S{V)) 



■CH^'{S{V),S{V)) 



CHP*'{S{V),S{V)) 



{S{V),d) 



vi-^lxo]v 



{K'{S{V),d') 



iSiV),d) 



where s, t are the two inclusions pt, /, defined in Example 12.3.41 Note that, 
by CoroUarv 12.4.41 for any differential graded algebra {A,d), there is a natural 
isomorphism 

(4.10) CHi' {A, A) = CHi' {CHi' {A, A), CHi' [A, A)) 

where CH^' {A, A) is equipped with the Hochschild total differential and the algebra 
structure given by the shuffle product. Note that since /,, are contractible, one 
can simply notice that the canonical inclusion A ^ CH^' {CHl' {A, A), CHl' [A, A)) 
is a quasi-isomorphism instead of using CoroUarv 12.4.41 Thus, there is an isomor- 
phism 



(4.11) 



K'{K'{SiV))) - CHi-iS{V),S{V)) 



in the homotopy category of commutative differential graded algebras. We denote 
K^\S{V)) := K^{K'{S{V))) and write d'^ for its differential. By construction 



\ i,j = l,2 i=Q 

where \xij \ — 0, = = —1 and |(t| = —2. One may think of Xij as points, 
as a path from xm to xn, S/j as a path from XQj to xij as in the following picture: 




In particular the subalgebra (F) := S{{k[xQo\®k[^o]®'k[xQi])®V) C K^\S{V)) 
is a differential graded subalgebra which is canonically isomorphic to {S{V)). 
The same holds for the 3 other subalgebras: K^^{V) S{{k[xio\®k[^i\®k[xii])® 
V), Ki'o{V) -.^ S{{k[xoo]<S)k[^'o]®k[xio])®V) and Kii{V) S {{k[xni] ® k[Ci] ® 
k[xii]) ® V). The differential d^ is the degree 1 derivation defined by d^ {[xij]v) = 
[Xij]d{v), d'"mv) = d'{[x,o]v), d'\[^!,]v) = d'{[xoj]v) and 



{sd 



n=l 



-mv) 
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where s is the degree -1 derivation defined by s([xij]f) = [^j]v, s{[£^i]v) — [(j]v = 
s{[Cj]v) and S{[a]v) = 0. 

Since the boundary of is the wedge (/, fU^ /,) U^t, jj (/, tUs /,) , the natural 
isomorphism (I4.10p induces a natural isomorphism 

(4.12) CH^^'{S{V),S{V)) ^ if (5(F)), 

where K^^^ {S{V)) denotes the differential graded commutative algebra 

S{[xoi]V) Si[xoo]V<S[xii]V] S{[xio]V) 

We now need to identify the induced map dP Vi=i We first consider the 
genus 1 case. We still identify dP with (/V/) U{»} IJ{*} (^^-^) where the endpoints 
of the two (lenght 2) intervals are identified. For a surface of genus g — 1, given 
as a quotient of (if) by the path ai&ia^^&j"^, the boundary map dP ^ S*^ V S*^ 
factors as the composition 

dP - (/ V /) U{,j (I V /) {S' V 5I) V V 5I) ("^^"^n^^^"^^ S' V S' 

where the first map Vi=i collapses each interval to a circle. 

The map ® U ■ S{V) S{V) ^ CHP'-'^^'' {S{V), S{V)) CHi'{A,A) 
induces a quasi-isomorphism of algebras 

CHt-iSiV),SiV))^CHi'{SiV),SiV)) SiV) ^ K' (SiV)) ® SiV) 

S{V)(»S{V) S{V)(»S{V) 

since CHi' {S{V), S{V)) is a semi-free SiV) 8) 5(F)-algebra. Thus the algebra 
quasi-isomorphism l|4.12p transfers the algebra homomorphism CH, ' {S{V), S{V)) = 
Ch!''{S{V),S{V)) CHt''^\S{V),S{V)) to the algebra homomorphism 

(fii : K^'\S{V)) — > S{H,{S^ V S^) ® V) 

defined by Lpi{[xij\v) ~ v, ipi{[(_i]v) = [ai]v and </5i([fj]w) = [bi]v. Now, since s, 

s are degree -1 derivations, and furthermore since s^, are degree -1 derivations 
with square 0, a straightforward computation gives an algebra isomorphism 
2 

S{H.{\/ S^)(E)V)) ® K'\s{V))^{S{H,{J:^)(E)V),d^'). 

S(fc[C]®V) 

For a surface of genus g > 1, our model (see Section I5TT|) is also obtained as 
a quotient of a square. Now the the boundary map dP Vi=i factors as the 
composition 

dP - (/ V /) U{,ju{,j (/ V /) ^^^"^ (51 V s') V is' V 5I) (^^^^'^n^'^'^^*) 51 V s' 

where the first map Vi=i '^'^^ ^^i^^ collapses each interval to a circle and the maps 
fi'.S'^ Vi=i loops given by 

fi = aibi . . .ag/2bg/2, /2 = ag/2+ifeg/2+i • • ■ Ogfeg, fs ^ biai . . .bg/2ag/2 

and /4 = bg/2+iag/2+i ■ ■ ■ bgUg when g is even, and by 

fl = 0,ibi . . . Qm, /2 — bmain+l ■ ■ ■ Clgbg, fa — biQi ■ . ■ bm 
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and /4 = Umbm+i ■ ■ ■ bgUg when g = 2m — 1 is odd. Now by the argument for 
g = 1 and Lemma 14.2.71 it follows that the algebra quasi-isomorphism ()4.12p 

transfers the algebra homomorphism CH,' {S{V),S{V)) ^ CH. • {S{V), S{V)) -> 

Ch)!^^=^ ^\s{V), S{V)) to the algebra homomorphism 

29 



: A'^^ {S{V)) SiH.iy S') ® V) 



i=l 



defined by ipg{[xij]v) = v, and, for g even by 

'PgiWo]^) = [ai]v + [bi]v + ■■■ + [bg/2]v, 'Pg{[^i]v) = [ag/2+i]v + ■■■ [ag]v + [bg]v, 

fgi[^o]v) = [bi]v + [ai]v H [ag/2]v, 'Pg{[£.'i]v) = [bg/2+i]v H h {bg]v + [ag]v, 

and, for g — 2m — 1 odd by 

¥'9(^0]^) = [o-i]v + [bi]v H h [a.m]v, Vgi[^i]v) = [brn]v H [ag]v + [bg]v, 

Vgi[Co]v) = [bi]v + [ai]v H [bm]v, ¥'s(Ki]«) = [arn]v H h [bg]v + [ag]v. 

Again, a straightforward computation gives an algebra isomorphism 
29 

S{H.{\/ S^)<»V)) ® K'\s{V))^{S{H,{J:a)(»V),d^'). 

S(fe[?]®V) 



This proves claim (1) of Theorem 14.3.21 The commutativity of the left square in 
claim (2) follows from the isomorphism (|4.8p and the computation above. Note 
that 



CH^' {A, M) = CHf' (A, M) 



aj2 

CH, '(A,A) 



CHl^' [A, M) 



CHi'iA,A) 
CHi'{A,A). 



CH. '{A,A) 



Hence there is a commutative diagram 



CHf' (A, M) 



Ch!' {A, M) 



ChT'=^'^'{A.M) ® ChI'(A.A) P'®'f Cm^'(A.M) (g) CHi'{A,A) 



a/2 

CH, •{A,A) 



CH. '{A,A) 



where p : Vi£i ^ the canonical map. Let p : K\S{V)) S{V) be the 

algebra map defined by p{[xi]v) = v and = 0. This is a map of differential 

graded algebras and, furthermore, since the composition S{V) ^ K^{S{V)) ^ 
S{V) is the identity, p is a quasi-isomorphism and the following diagram is com- 
mutative 

CHi' {S{V), S{V) cm'' (SiV), S{V)) 



K'{S{V)) 



■S{V) 
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in the homotopy category of differential graded commutative algebras. Since : 
CHy^='^'{S{V),S{V)) Ht'{S{V),S{V)) is the composition 

CHy^=''^'{SiV),SiV))^CHt'iSiV),SiV)) ••■ ® Ci/f' (5(F), 5(F)) 

SiV) S{V) 

CHi'{S{V),S{V)) ® S{V)] ® •■• ® (cHi'{S{V),S{V)) ® S{V) 
s{v®v) ) s(v) s{v) V s(y®v) 

p. i»S(vev) id ^^^^ 

it follows that the isomorphism of Theorem 14.3.21 claim (1) transfers (S2 S'^)^, : 
CHf'{S{V), S{V)) -> CHf'{S{V), S{V)) to the map 

iP id)^^s ^ id: ({K\SiV)) ® S{V)] ® K^\S{V)) 

\ S{ViSV) J Kai{S{V)) 

Kai{S{V)) 

which proves the commutativity of the right square in claim (2). □ 

The importance of Theorem 14.3.21 folUows from the fact that any differential 
graded commutative algebra is quasi-isomorphic, as an algebra, to a graded sym- 
metric one. 

Corollary 4.3.3. There is a natural isomorphism 

£^'* : HH^,{S{V),M) ^ H, (i/oms(y) (5(i/.(Sf) ® F), 5(F)) , d^'*) . 

Proof. Let be any pointed simplicial set and let A be a differential graded com- 
mutative algebra. There is a map of differential graded algebras A = CH^^° { A, A) 
CHf' {A, A) CH^' (A, A) where the last map is the unique pointed map. It fol- 
lows that the Hochschild complex {CH^' {A, A), D) is a chain complex of semi-free 
A-modules. More explicitly, the A-module structure is given by multiplication on 
the tensor A corresponding to the base point in CH^' {A, A) = A(^ jnjq-^^t let 

M be an A-module. Then there is an isomorphism of cochain complexes 

(CH'x^ (A, M),D) ^ {HomAiCH^' (A, A),M), D*), 

where the differential D* is the dual of the differential D on the Hochschild chain 
complex CH^'{A,A). Since (5(i?,(i;s) ® F),d^'') is also semi-free, the result 
follows from the first statement in Theorem 14.3.21 □ 

4.4. The surface product for Lie groups. In this section we apply Theo- 
rem 14.3.21 and Lemma 13.5.31 to compute the Hochschild surface product for odd 
spheres and Lie groups. The idea is that in both cases, the commutative differen- 
tial graded algebra of the forms Qf'ulletM (where M = 5^"+"'^ or Af = G is a Lie 
group) is quasi-isomorphic as a differential graded algebra to a symmetric algebra 
S{V) with zero differential. 

Let A = (5(F), 0) be a free graded commutative algebra (with zero differential). 
Then the identities (|4.6p and (14. 7p immediately implies that the differential d^" = 
for any genus g. Similarly, the differentials d and d vanish, too. Hence, for any 
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S'(V^)-niodule M, by Theorem l4.3.21 there is a commutative diagram (natural in M 

and V), 



(4.13) 



SiV) 



i/i?y-^^ (5(V^),M) ^HHf'iS{V),M) ^HH,^ (5(F), M) 

with the vertical arrows being isomorphisms (of algebras if M ~ S{V)). Note, that 
5(i7.(Sf) ® V") splits of as a tensor product S{H,{Y.3) ® V) = S{H,{ \J S^) 

i=l 

V) ®s(y)) S{H,{S^) ® F). By Lemma liXil and formula (|4.3p . we already have an 
explicit morphism of algebras at the chain level for the restriction S{H,{ V "5*^) ^ 

i=l 

V) CHf'{S{V),S{V)) oie^' to S{H,{ \/ S'^)(g)V). It is easy to check that the 

1=1 

formula 



'1 



(4.14) e-^ (crw) 











®1 




(8)1 


8)1 


®1 


«)1/ 




8)1/ 



J(0,0) 

(where we use the notation I 8)a(i,i) 8)a(i 2) I for an homogeneous element 

8)0(2,1) 8)0(2,2); 

in CH^^S{V), S{V)) as in Example EXS]) defines a cocycle in CHf^{S{V), S{V)) 
and induces a quasi-isomorphism of algebras S{H,{S^) (S)V) ^ CH^ {S{V), S{V)) 
(see the proof of Theorem 14.3.21 and [G]V For any v £ V, choose any cocycle 

e^' {(Tv) e CHf^ {S{V), S{V)) such that e^' {av) is maped to e^'^ (crv) by the map 
(S^ -» 5^), in diagram (j4.13p . We have thus defined an explicit quasi-isomorphism 

of algebras e^' : S{H,{Y.9) (g) V) ^ C Hf' {S (V) , S (V)) which, by abuse of nota- 

2s , 

\/ S 2 

tion, could be rewritten as the tensor product — £'=1 ®s{V) through the 
isomorphism ^(^.(Sf) 'S)V)^ 5'(7?.(V ■fi-S'i) ® V) ®s{v)) S{H,{S^) 8) V). 

Remark 4.4.1. There is a standard choice for e^^(av), given as follows. Recall, 
that is obtained by gluing g standard models for the square and g{g — 1) 
models for triangles T,. In particular any element in /| or T2 is a sum of tensors 

(boundary terms \ 
'8)0(1,1) 8)0(1,2) where the 
8)0(2,i) 8)0(2,2)/ 

boundary terms are tensor powers of elements lying in the boudary (dl^), {dT)2. 
Thus, for w e 1/, and any square or triangle C, C we can define the element 
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ec.iv)=i «)1 ] - I e CHf"{S{V),S{V)) where the Is 

\ m ®i) \ ®v (8)1/ 

in the top left corner means that any tensor in the boundary of C2 or in — C2 
is 1. 

It is straightforward to check that, in the normahzed chain complex, a possible 
choice for e^' {av) G ChT'' {S{V), S{V)) is given by 

C.CS2 

where the sum is over all triangles and squares in the simplicial model for S^. 

We now define a multiplication on 0g>Q Honig^y^ (^S{H,{T,s)C^V), S{V)). Since 
VS'') ^ H.(Sf) (E)s{v) H,{J:''), it follows that the multiplication : S{V) (g) 
S{V) —f S{V) induces a linear map 

Homs(v){S{H,{j:a) (8 V), S{V)) ® Homsiv){S{H,{T.'') ® V),S{V)) 

^ Homsiv) {S{H,{Y.!} V S'*) ® V), S{V)) 

for any g, ft, ^ 0. Furthermore, the pinching map Pinchgji yields a linear map 
H,{j:a+h) _^ V S'') and thus an S'(y)-algebra map 

(4.15) pgj, : S{H,{^3+h-j ^ ^ 5(i7.(E9 V S'*) ® V). 

Definition 4.4.2. The multiplication U on 0g>o Homs(v){SiH,{Y.3)(g,V), S{V)) 
is induced by the composition 

Homs(v) {S{H,{j:a) (8 V), S{V)) ® Homs(v) {S{H,{J:'') ® 1^), S'(F)) 
^ Homs(v) {S{H,{T.3 V S'*) ® \^), 5(F)) 

"H" iJom5(,/)(5(iJ.(S9+'')® V),5(l^)). 

It is immediate to check that U makes 0^^^ _ffom5(y) (S'(if,(S]^) ® V),S{V)) 
into an associative unital algebra. 

Remark 4.4.3. Let {S{y),d) be a free graded commutative algebra with non- 
zero differential. It is easy to check that Definition 14.4.21 indeed yields a differential 

graded unital algebra structure for 0g>o {Homs{v) {S{H,(Y.3) V), S{V)),d^''* 
That is, the differential d^" is a derivation for the multiplication U. 

The following theorem expresses that the surface product for S{V) (with zero 
differential) corresponds to the multiplication U in Definition 14.4.21 

Theorem 4.4.4. Let S{V) be a free graded commutative algebra (with no differ- 
ential). 

(1) There is an isomorphism (natural in V), 

e* = 0eS- ^ HH'^^iSiV), S{V)) ^ Homs^v) (^(^.(S^) ® V), SiV)) 
g>0 g>a g>a 
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(2) The following diagram is commutative 

( e HH^. iSiV). SiV))] " ^ ^ ® (^(^)' ^(^)) 

Proof. Since d^' = 0, the first statement follows from Corollary 14.3.31 and the 
definition of e^" . 

By Corollarv l2.4.3[ there is a quasi- isomorphism of differential graded algebras 
CHf'(S(V),S(V)) ® CHf'(S(V),S(V))'siCH^^"^^'^'^'(S(V),S(V)). 

S(V) 

Since the map e^" and e^'^ coincide on S{V), the map 

S(V) 

is well defined and an algebra quasi-isomorphism by Theorem 14.3.21 Similarly, 
Corollary 12.4.31 yields a natural quasi-isomorphism of algebras 

CHf'{S{V),S{V))(g)CHf'{S{V),S{V)) ^ ^ (5(F), S'(F)) 

and thus 

U = ® e^" : 5(ff.(E« ]J E^) F) ^ Cfff ' " (5(F), 5(F)) 

is a quasi-isomorphism of algebras. Note that, for any algebra A and module M 
there is a natural isomorphism of cosimplicial modules 

Ci/l^'^^''^"(yl,A^) = CH^"{A,M) x Ci7f"(A,A) 

with the diagonal simplicial structure on the right hand side, of. Definition 12.4.11 
Further the pointed maps : pt, E^ and : pt, E^' yields a simpli- 
cial map pt^Wpt, E^ ]J E^ which in turn giyes a structure oi A ® A ^ 
(j^pt.Upt' A)-module to Ci/i^' ^ (A, A). There is an isomorphism of sim- 
plicial modules 

CH^,{A,A) X CH^n{A,A)^ HomA(sA{CH!.^''^^"^'{A,A),A(SA) 

under which the map V : CH^g{A,A) x CH^,,{A,A) CH^^g^^^^^{A, A) from 
Definition 13.3.21 identifies with the composition 

HomA(sA{CHi''' ^ (A, A), A A) ^ HomA(sA{CHi''' " (A, A), A) 
^ HomA{CH^^,^^,^^{A, A), A) - Ci/^'s^vs'^). ^) 
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It is now straightforward to check that the foUowing diagram is commutative: 
(4.16) 



CH^,iS(y),SiV)) X CH^,{S(V),SiV)) 



■CHr^^\S{V),S{V)) 



Homs(v)s>^ {S{H,{T.9 U ® V), S{V) ® S{V)) Homs^v) {S{H,{i:3 y (g, y), S{V)) . 

Let X be any element in S{H,{T,s) ® V") and y be any element in S{H,{'S'^) (g) V). 
Then, by definition e^^U^ {x ■ y) = sh{e^^{x),e^ (j/)) where sh is the shuffle 
product (see Section [2T4|) . Since the Alexander- Whitney map is inverse to the shuffle 
product on normalized chains, it follows that the following diagram of S(V)(E)S{V)- 
linear maps 

(4.17) 



CHf{S{V), S{V)) ® CHfiSiV), S{V)) ChF '^''\s{V), S{V)) 



^E9 U ^ 



SiH,{^3UE'')^V). 



is commutative on normalized chains. Diagrams (|4A6)) and (|4T7)) imply that the 
following diagram is commutative, 

(4.18) 



® HH^,{S{V),S{V)) 

<9>0 . 



e i/oms(v)(5(ff.(I]f ) ® V),SiV)) 

\9>0 



\/oAW 



g,h>0 



g,h>0 



© i/oms(y)(^(i/.(Sf vE'')®y),5(l/)) 

g,h>0 



Statement (2) in Theorem 14.4.41 now follows from the commutativity of dia- 
gram (j4.18p and of the following diagram 



(4.19) SiH,{^9+h-^(g,V)' 



CH,' {S{V),S{V)) 



Pg.h 



■S'(iJ.(S9 VS'*)«)T/) 



{S{V),S{V)) 



where Pg^h is the map (|i?T5)) from Definition 14.4.21 Since S{H,{Y,s+^) » F) is a 
free graded commutative algebra, and all the maps involved in Diagram (|4.19p are 
maps of algebras, it is enough to check the commutativity of Diagram (|4.19p on 
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the generators. This is obvious for the generators lying in V since 

they are of simphcial degree 1. As for the generators lying in iJ2(Sf+'') ® V, by 
functoriality and the definition of e^" (cw), it is sufficient to prove that the following 
diagram is commutative 

S{H,{S^) (g) V) ^ S{H,{S^ V S^) ® V) 



CH^'iS{V),S{V)) ^CHf'^^'>iSiV),S{V)) ^Cm^ >'{S{V),S{V)) 

(on the normalized chains) Here, p is the algebra map defined on the generators by 
the pinching map on homology 

o, Pinchn ®idY , o o. 

Now the result follows from a straightforward computation. □ 

If {S{y\d) is a free model of a differential graded algebra (A, d^), then by 
Proposition 13 . 3 there exists an algebra isomorphism 

BB'^, (A, ^) = BB'^, {s{y\ siy)). 

Further, CB^g{S{y), Siy)) is a filtred differential graded algebra with respect to 
the filtration induced by the internal degree. This yields a spectral sequence of al- 
gebras whose (i?*'*, do) page is the Hochschild cochain complex CB^g {S{V), S{V)) 
of S{V) equipped with the zero differential. From Theorem 14. 4. 4i we easily deduce 

Corollary 4.4.5. Let {S{V),d) be any free model of {A,dA)- The E^-term of the 
above spectral sequence is 

El'' - Homs(^v) (5(,)(i?.(Sf) ® V), S{V)) 

g>a 

where the right hand side is equipped with the multiplication of Definition \4-.4.2\ 
and (S^) ® V) consists of those polynomial of total external (homological) 

degree q (that is the total degree coming from B,{T,^) is q); in particular q > 0. 

Example 4.4.6 (Odd spheres). Since spheres are formal, there is a (chain of) 
quasi-isomorphism of differential graded commutative algebras between the forms 
fi*S'2"+i and S{x) ~ B'{S^"+^), where x is of degree \x\ = 2n + 1. Applying 
Proposition 13 . 3 . 20l and Theorem 14.4.41 we get that 

BB^g in*S^"+\n'S'-+') = SixS,al,...al,Pl... (33^,0;^) 

where \xS\ = 2n+l,|af| = ■•• = la^l = \j3f \ = •■• = \j33\ = _2n, and \ujS\ = 
1 — 2n. The cup-product is given, for any polynomial P = P(x^, , /3p w^) £ 
S{x3, af , . . . a^, (3f, . . . (3^,uj3), by the formulae: 



P{xS 


a" 3^ 


ijS) U x'' 


= P{xa+^ 




Vh 




)x^+^ 








= F(a;f+'' 




Vh 






P{xO 


3^ 


Lu3) U 


= P(.Tf+'' 




Vh 




HI': 


P{xO 


a" 3^ 


w») U f3^ 


= P(a;3+'' 
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where the products on the right hand side are taken in the free graded commuta- 
tive algebra S'(a;9+'*, af+'', . . . 0^+'*, /3f+'\ . . . l39+'\u;a+'^). Note that the center of 
©g>o HH^, (f^'S-^^+i, 17'S'2"+i) is exactly HH^o (n' S^'^+^il' S^''+^) ^ S{x°, lu"). 

By TheoremEXa if n > 1, ther[lH.(A/ap(S9, M)) ^ HH^,{n'S^''+'^,rfS^''+'^) 
and the surface product agrees with the cup product. 

Example 4.4.7 (Lie groups). It is well-known that if G is a Lie group, then G is 
rationally homotopy equivalent to a product S'^'^^'^^ x • • • x 5'2<i<!+i of odd spheres 
where e is the exponent of the group. Thus, by Proposition 13.3. 201 Theorem 14. 4. 4[ 
and Example 14.4.61 we find that 

where k — 1, . . . , e, and i, j — 1, . . . , g, and the degrees of the generators are given 
by \xl\ = 2dk + 1, \al ,\ = = -24, and l^|l = 1 - 2dfe. The formulae for 

the cup product are similar to those in Example 14.4.61 (except for the additional 
subscript k). 

If G is simply connected, then it is automatically 2-connected, and, by Theo- 
rem l3.4.21 the surface product agrees with the cup product through the isomorphism 
H.(Ma]5(E9,G)) ^ HHl,{n*G,n*G). 
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